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Abstract. Nowadays, with the development of the Internet, recommending personalized 

information for every user becomes economically valuable. How to properly recommend to users 

the content they prefer is important. Mostly, bandit strategies are useful for this problem. As one 

of the most time-saving algorithms, Minimax Optimal Strategy (MOSS) performs well in most 

data sets. However, the traditional MOSS algorithm applies a conservative strategy in order to 

minimize the cumulative regrets in the worst situations. This strategy will over-explore the bandit 

models and spend too much time exploring every arm at the initial stage. This means the MOSS 
strategy cannot fully take advantage of the known information and then the accuracy and 

efficiency will be lower. In real life, people have a lot of Internet information to look through 

and they will not stay on one website or one advertisement for a long time. So, designing an 

efficient algorithm that performs well in all situations and can make good use of the known 

knowledge to do quick exploitation becomes so important. Therefore, this research aims to 

develop an advanced MOSS algorithm that can properly explore each of the bandit arms and 

improve the performance of the exploitation phase. By achieving this goal, this research adds an 

enhancement factor on the confidence bound part to speed up the exploration process. The 

research bases on the MovieLens data set and the data set is divided into 18 categories (arms) 

according to its “genre” attribute. Then apply this new advanced MOSS strategy to the designed 

data set and compare its performance with normal MOSS and UCB algorithms. Results display 

that the advanced MOSS strategy’s selection provides higher total rewards and lower average 

cumulative regrets than others with the advantage of time-saving. This shows the improvement 

of the advanced MOSS strategy in balancing the exploitation and exploration phases. 
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1.  Introduction 

With the development of the Internet, information technologies are crucial for attracting users’ attention. 
Providing appropriate knowledge for each different user can make them interested in websites and 
products. Therefore, the recommendation system plays an important role in this process and bandit 
strategies are common methods to do this task. In bandit problems, decision-makers choose one arm 
each round and get a reward from it. The players aim to maximize the total rewards and choose the best 

arm with the highest rewards. Bandit strategies are used in this process to better choose arms in each 
round. This problem was first raised by Robbins and used in clinical trials area [1]. Nowadays, with the 
development of the Internet and artificial intelligence, recommendation systems are widely used in some 
Internet organizations, like Amazon, Yahoo and so on [2]. Bandit strategies play an important role in 
today’s information age and are necessary to build recommendation systems. As one of the most 
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efficient bandit algorithms, the MOSS strategy was first proposed by Audibert and Bubeck in 2009 to 
eliminate a logarithmic factor in the upper confidence bound algorithm [3] and then improved by 
Degenne and Perchet in 2016 to introduce an anytime version [4]. This algorithm reduces the calculation 
cost and can generate almost the most optimal strategy at any time. It can return the lowest average 

regret compared with the upper confidence bound (UCB) algorithm. Recently, researchers have tried 
one kind of subroutine with regret upper bound to implement the MOSS strategy [5]. To better realize 
the advantage of the minimax policy, researchers also combine MOSS with the Bayes policy [6].  

However, the modified MOSS algorithm is still not the ultimate strategy. The design of the MOSS 
strategy is too conservative so it cannot fully balance the exploration and exploitation phases. It still 
spends too much time on arms with high uncertainty in the late part of the algorithm and causes over 
exploration problem. An algorithm that can’t be well applied efficiently is not useful to recommendation 
systems because there is a lot of new information moment by moment and users will not spend too much 

time on one specific website or application. Therefore, designing an advanced MOSS algorithm that can 
perform well and efficiently and balance the exploration-exploitation phases by utilizing the former 
known information is important for the development of artificial intelligence. This research relies on the 
MoiveLens data set and tests the performance of the advanced MOSS algorithm with an enhancement 
factor added in the upper confidence bound part. This aims to reduce the attention on uncertain arms 
and focus more on exploiting arms instead of exploring unknown arms as time goes on. This algorithm 
should generate lower average regrets and more accurate recommendations for movies that users are 

likely to prefer than normal MOSS and UCB algorithms.  

2.  Literature Review 

As a traditional reinforcement learning problem, the bandit problem has been explored for a long time 
to get the maximal benefits after the exploitation-exploration process. The simplest method is the 
random algorithm which just selects one arm randomly each time. Although it needs little time and 

calculation cost, this algorithm cannot use any of the previous knowledge and therefore will gain very 
low rewards. To better utilize the previous information, the greedy algorithm has been introduced to 
exploit the arm that has the highest expected rewards in anterior rounds [7]. This strategy will choose 
the best arm so far and, in some rounds, it will randomly choose one of the arms to reduce selection bias. 
However, the greedy strategy will not explore uncertain arms and cannot balance the exploitation-
exploration phase which may miss better choices at the beginning. The upper confidence bound (UCB) 
algorithm can solve this problem by adding one uncertain bound to better explore unknown arms [8]. 

With the confidence bound, this algorithm can equally give each arm chances to show their real expected 
rewards as much as possible. However, the UCB algorithm may increase unnecessary penalty costs 
because of the uncertain exploration process. It spends too many unnecessary rounds to ensure the 
accuracy of the model. The Thompson Sampling can optimize this process by introducing posterior 
probability [9]. Based on prior distribution and posterior probability, this strategy can select the best arm 
with few rounds. As one of the most popular algorithms, the Thompson Sampling strategy performs 
much better than other algorithms in most situations, but it depends too much on prior distribution and 
cannot make optimal decisions in the worst cases or complicated environments. The Minimax Optimal 

Strategy (MOSS) [10] is designed to make sure that the regret in the worst case also has good boundaries 
and it solves the over-exploration problem. Although the MOSS algorithm is almost the ultimate 
algorithm, it still has one main problem: it is too conservative and cannot well balance the exploitation 
and exploration phases. Therefore, this research paper aims to modify the traditional MOSS algorithm 
and try to overcome the over-exploration problem by adding an enhancement factor to decrease the 
influence of uncertain arms with the passage of time. 

3.  Methodology 

UCB algorithm was the best strategy to constrain the confidence bound on bandit problems, but the 
development of the Minimax Optimal Strategy in the Stochastic case (MOSS) makes the regret bounds 
and variant more accurate [11]. The MOSS strategy serves the bandit problems better than UCB. 
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However, the normal MOSS strategy explores too much on every bandit’s arm at the initial stage to 
minimize the worst situations. Therefore, this paper aims to modify the traditional MOSS strategy and 
hopes to reduce the exploration times of arms with uncertainty over time. 

3.1.  MOSS Strategy 

We consider a multi-bandit arm set v = (v1,v2,...vk) which has unknown reward distributions di for each 
arm in the set v [12]. There are k arms and n total action rounds. In the first k rounds, the player chooses 
each arm one by one to build up the original data information. After k rounds, the player should 
subsequently select the best arm following this formula [13]: 

𝐴𝑡 = 𝑎𝑟𝑔 max
𝑖

𝜇𝑖(𝑡 − 1) + √
4

𝑇𝑖(𝑡−1)
𝑙𝑜𝑔+ (

𝑛

𝑘𝑇𝑖(𝑡−1)
) (1) 

Where 𝑙𝑜𝑔+(𝑥) = 𝑙𝑜𝑔 𝑚𝑎𝑥{1, 𝑥}; 𝜇𝑖  is the current average reward of arm i; 𝑇𝑖(𝑡 − 1) means the 
selected times of arm i until t-1 rounds. 

This is the traditional MOSS algorithm. It combines the reward information selected in each round 
and an updated confidence bound compared to the UCB algorithm. In each round, the strategy chooses 
the arm with the largest value of At.  

3.2.   Novelty of Advanced MOSS Strategy 

The novelty of this research is the introduction of an enhancement factor that can reduce the influence 
of uncertain arms as time wears on. The latter part of the new formula will decrease with the increase of 
time which means the strategy will focus more on the already known expected rewards information 
instead of unexplored knowledge. By doing so, this advanced algorithm can better balance the 
exploitation and exploration phases. As time goes on, the intensity of the exploration waned. This 

strategy can reduce the time cost of exploration without losing accuracy and increase the expected 
rewards because of less useless research. In the traditional MOSS algorithm, the strategy explores all 
the worst situations of each arm and relies too much on the exploration phase instead of the exploitation 
phase. It ignores the former information about each experiment round. So, this paper adds an 

enhancement factor 𝜕 in the denominator of the confidence bound formula to accelerate the exploration 
process. Here is the advanced MOSS algorithm formula:  

𝐴𝑡 = 𝑎𝑟𝑔 max
𝑖

𝜇𝑖(𝑡 − 1) + √
4

𝑇𝑖 (𝑡−1)𝜕 𝑙𝑜𝑔+ (
𝑛

𝑘𝑇𝑖 (𝑡−1)
) (2) 

The factor 𝜕 is calculated as follows: 

𝜕 = 1 + 𝑡 𝑛⁄ (3) 

Where t is the experiment rounds that have been finished and n is the total experiment rounds. By 
adding such a factor, the confidence bound will become narrower and narrower as time goes on. 
Therefore, the strategy can focus more on the already known reward information and reduce the 
exploration time of arms that have large uncertainty. This prevents neglect to explore other potentially 
better arms. Besides, this can also stabilize the strategy performance and smooth the influence of noise 
reward points. So over time, the strategy will decrease the exploration intensity and better exploit the 

known information. Finally, the strategy realizes that it can fully utilize the former reward information 
and avoid unmeaning exploration in the meantime. 

4.  Experiment Design 

For the experiment data set, this paper uses the MovieLens data set. It provides personalized movie 
recommendations and marks each movie. It begins with 100,000 ratings and then 25 million rating data 

has been expanded [14]. This research categorizes movies by their 18 kinds of genres and uses ratings 
as bandit arm rewards. As shown in figure 1, these 18 genres are chosen as arms and their average ratings 
are calculated as each arm’s average rewards. Before the categorizing process, data preprocessing and 
data cleaning processes are essential. This process aims to remove the data that doesn’t have attribute 
values, such as the  movie_rating, movie_genre and so on. Then some error data strips are also removed: 
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because the rating attribute values are constrained from 0 to 5, the data that is not in this range is removed 
too.   

 

Figure 1. MovieLens dataset 

After the preparatory work, this research applies normal UCB strategy, traditional MOSS strategy 
and advanced MOSS strategy. In each round, the decision-maker chooses one bandit arm according to 
the strategies and then gets a reward value (movie ratings). The strategies will continuously recommend 
movies based on the foregoing movie rating information and then update the known knowledge. Finally, 
the model will generate an evaluation index called cumulative regrets to compare the performance of 
algorithms. This index means the cumulative different values between the real best arm rewards and the 
selected arm rewards [15]. It can show the deviation between each strategy and the best strategy in each 
step. To avoid contingency, this paper conducts 10 experiments for each strategy and then averages 

these 10 cumulative regret values. This mean value is the final evaluation index, called the average 
cumulative regrets. The smaller the index, the better the algorithm. In every experiment, the paper sets 
the total round number n = 500,000. 

For this data set, the advanced MOSS strategy should have better performance than the traditional 
MOSS strategy. It should have smaller average cumulative regrets and use fewer rounds to find the best 
arm because of its better exploration-exploitation balance.  

5.  Results 

By comparing the average cumulative regrets between the advanced MOSS algorithm and other 
strategies, this experiment produces two figures to show the improvement of advanced MOSS. The first 
shows the improvement of the model accuracy which means lower average cumulative regrets. Another 
shows the fewer rounds to find the best arm. Although the UCB algorithm allows the optimism principle 
[11], its performance is even much worse than the normal MOSS strategy. 

5.1.  Result Figures 
Figure 2 shows the relationship of average cumulative regrets over time of three strategies: UCB, 
traditional MOSS and advanced MOSS algorithm. Obviously, the UCB algorithm has a much worse 
performance than the other two algorithms. The key point is the comparison between two versions of 
MOSS strategies. As shown in Figure 2, the advanced MOSS strategy has smaller average cumulative 

regrets than the normal MOSS algorithm. This means that by adding the enhancement factor, the 
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advanced MOSS performs better than the traditional one and during the exploration-exploitation process, 
the advanced one has a larger chance to choose the best arm in each round than the original one. This 
proves that the advanced MOSS algorithm can truly improve the traditional algorithm and improve the 
model accuracy. 

 

Figure 2. Average cumulative regrets (n=500,000) 

Figure 3 shows the details of these two MOSS algorithms with total rounds n = 10,000. As shown in 
this figure, the advanced MOSS strategy not only has lower average cumulative regrets but also uses 
fewer rounds to reach the horizontal status. The advanced MOSS algorithm uses 2,000 time steps to find 
the best arm and gets a final regret which is near 300. But the traditional MOSS strategy uses almost 

6,000 time steps to find the best arm and finally gets a regret of 550 which is almost twice that of the 
advanced MOSS regret. This proves that the advanced one can use less time to find the best strategy and 
find the most appropriate arm. It owes to the balance of exploration-exploitation phases. The 
introduction of the enhancement factor can reduce the probability of over-exploration and better exploit 
the former known knowledge.  

 

Figure 3. Comparison between MOSS and advanced MOSS 
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5.2.  Result Comments 
According to the results shown above, the advanced MOSS algorithm has about 800 cumulative average 
regrets which is much smaller than the 12,000 value of the UCB strategy (n = 500,000). Besides, with 
the passing of time steps, the MOSS algorithm tends to be horizontal, but the UCB algorithm will 

continue to rise slowly. The advanced MOSS algorithm has the smallest average cumulative regrets. 
Besides, it also uses fewer time steps to be horizontal which means it needs the least time to find the 
best arm and has the least error in the meantime. These all indicate that the advanced MOSS algorithm 
performs the best among all these strategies. This is reasonable because the advanced MOSS algorithm 

introduces an enhancement factor 𝜕 to balance the two model phases. Over time, as the factor becomes 
larger, the upper confidence bound becomes narrower and narrower. The model focuses more on the 
known reward information itself instead of trying to explore new arms with huge uncertainty. It allows 
this strategy to find the best arm with fewer rounds and higher accuracy. Besides, because of reducing 
unnecessary exploration steps, the cumulative expected regrets also become smaller which means this 
new advanced strategy can use less cost to achieve high efficiency. The advanced MOSS strategy can 

combine the advantages of exploration-exploitation phases and the benefits of minimax methods. That 
is why it can perform better than the traditional one and other bandit strategies. 

6.  Conclusion 

This paper solves the over-exploration bandit problem by updating the advanced MOSS strategy and 
adding an enhancement factor. By introducing this factor, the strategy can reduce the cost of uncertain 

information in the later stages of the exploration phase. It will fully use the known expected rewards 
knowledge to make the optimal decisions without losing accuracy. This outcome is helpful for today’s 
information age and can improve the recommended speed of Internet recommendation systems with less 
error. This research mainly focuses on the improvement of traditional MOSS algorithms. It mainly 

realizes one innovation point: add an enhancement factor 𝜕 into the confidence bound part. This 
advantage makes this advanced MOSS strategy perform better than before with fewer rounds needed. 
This new algorithm has much smaller average cumulative regrets and larger cumulative rewards than 
traditional MOSS and UCB strategies in the MovieLens data set. The result figures show that the 
advanced MOSS strategy can flatten out much faster than any other algorithms which means this 

strategy can use the least time to achieve the best results. The introduced enhancement factor plays an 
important role, and it can show the proportion of current rounds and total rounds. The larger this 
proportion, the less attention should be paid to new unknown information. This is workable because this 
new advanced strategy still leaves the model enough rounds to generate useful information and converge 
at a reasonable rate. 

However, this strategy has two limitations. One is that it highly depends on the knowledge of the 
data set and the horizon of total rounds n. Further experiments like unsupervised machine learning 
methods [16] can be used to overcome it. Besides, a time step function should be used to replace the 

attribute of n. The other problem is that when calculating the new average reward of each arm in every 
round, the weight of the reward is equal.  However, a real-time strategy should focus more on the new 
information. Because in the initial phase, the choice has great randomness. But with the passing of time, 
the arm chosen in each round is more likely to be the best one and so the information later should have 
a larger proportion than the former information. Further research will design a weighted average reward 
formula to update the whole data set information. By doing so, this strategy can overcome the problem 
of unknown time steps in practical applications. Moreover, the weighted formula can make the strategy 

prefer new knowledge instead of former erratic information. After these improvements, the MOSS 
strategy must be more efficient and realistic. 
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