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Abstract. Quadruped robots imitate the gait of animals in nature to achieve flexible and stable
movement. Their superior mobility and adaptability have secured an important position in
modern robotics. However, quadruped robots still face numerous technical challenges, including
complex gait planning. Gait refers to the swinging and supporting movements of the legs and the
relative timing of these movements. Different gaits determine various movement forms for
quadruped robots, and studying these gaits plays a crucial role in the stable periodic motion of
the robot. This paper analyzes three types of gaits—static gait, dynamic gait, and quasi-static
gait—based on traditional gait planning methods. Additionally, this paper analyze the movement
of the single leg, including the forward and inverse kinematics and the endpoint cycloidal
trajectory. Finally, we simulate the stable trot gait in MATLAB, returning the force curve at the
foot, joint angles, angular velocity, and angular acceleration curves to complete the verification
of the theory.

Keywords: Gait Planning, Kinematic Analysis, MATLAB Simulation.

1. Introduction

As we all know, hills and swamps cover more than 50 percent of the Earth's surface, making it difficult
for wheeled and tracked machines to walk on them. In such environments, legged robots have a distinct
advantage due to their legs having multiple degrees of freedom, which provides excellent adaptability
and flexibility, continually inspiring research among scholars and engineers both domestically and
internationally.

The first walking machine was built around 1870 by Chebyshev, based on ideas he proposed 20 years
earlier. It consisted of a device based on a four-bar linkage. Using this simple mechanism, it could
alternate between supporting (posture) and transferring (swing) phases[1]. Since then, quadruped robots
have evolved and are now widely used in fields such as firefighting and rescue, military strategy, and
aerospace.

However, the development of quadruped robots also faces numerous challenges and technical
difficulties, among which gait planning plays a critical role in the stability and diversity of their
movements. Gaits can be classified into three categories based on balance: static, dynamic, and quasi-
static.

This article uses a legged robot with a single leg that has three degrees of freedom as an example.
We analyze three types of gaits and the movement of the single leg. Then, we conduct simulations using
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MATLARB to verify the validity of the theoretical analysis. This supports the application of quadruped
robots.

2. Static gaits

The Walk gait is the most typical gait among static gaits. When a quadruped robot moves in extremely
complex environments such as stairs, obstacles, and slopes, adopting the Walk gait provides significant
advantages. During locomotion, each leg of the quadruped robot has only two states: support and swing.
In the Walk gait, three legs are always in the support phase. Additionally, at most only one leg can be
in the swing phase. The movement sequence of the robot’s four legs in the Walk gait is left front, right
rear, right front, left rear, which corresponds to 1-4-3-2 in Figure 1.

1 3 1 — Left front
2 — Left rear
3 — Right front

2 4 4 — Right rear

Figure 1. Diagram of the walk gait movement.

In a single movement cycle, each leg of the robot performs the same periodic motion, but the four
legs have different phase relationships. The phase differences between the legs play a crucial role in the
robot’s stability, efficiency, and functionality. By optimizing the phase differences, designers can enable
the robot to better adapt to various application scenarios and ground conditions. Setting the phase of the
left front leg to 0 (reference phase), and with the gait cycle T (the time it takes for each leg of the

quadruped robot to complete one swing) set to 1, the robot's four legs' phase relationships are illustrated
in Figure 2.
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Figure 2. Diagram of the walk gait movement phases.

From Figure 2, it is evident that there are four leg support states within one movement cycle. A
critical state of the Walk gait occurs when X = 0.75 and Y = 0.25. At this point, there is no distinct
quadrupedal support state; only three legs are in the support phase at any given moment. The critical
phase diagram of the Walk gait can be seen in Figure 3.
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Figure 3. Critical phase diagram of the walk gait.

Under unchanged conditions, this Walk gait is theoretically the fastest among static gaits. Therefore,
the Walk gait of quadruped robots is often planned according to this critical form.

3. Dynamic gaits

The Trot gait in dynamic locomotion is the most commonly used gait for quadrupeds. It is suitable for
mid to low-speed running and has a relatively wide range of movement speeds. Additionally, the Trot
gait offers the highest energy efficiency at moderate speeds. In the Trot gait, the quadruped robot
alternates the front and rear diagonal legs touching the ground, providing good stability. Compared to
other gaits, this diagonal footfall method helps maintain the robot’s balance over a larger range of speeds.
The movement diagram of the Trot gait can be seen in Figure 4.
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Figure 4. Diagram of the trot gait movement.

Just like the Walk gait, the Trot gait also has a phase difference between the robot's four legs, and
there is a critical situation where all four legs do not simultaneously remain in the support phase. The
critical phase diagram of the Trot gait can be seen in Figure 5.
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Figure 5. Critical phase diagram of the trot gait.
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In an ideal situation, diagonal legs should be lifted and lowered simultaneously, which requires good
synchronization and coordination performance. This depends on the precision and anti-interference
capability of each leg, as well as the control strategy for coordinated movement.

In the Trot gait, the robot can adjust its stride length and frequency to adapt to different speed
requirements. This flexibility allows it to cover a wide range of speeds without excessive structural
adjustments. This gait utilizes elastic and inertial effects to improve energy efficiency. Under the Trot
gait, the robot can partially use the elasticity of its feet for energy recovery and release, thereby
maintaining high efficiency at various speeds.

4. Quasi-static gaits

The quasi-static gait of quadruped robots is a balance method that lies between static and dynamic gaits,
providing a certain degree of mobility and stability. As an intermediate state, the quasi-static gait is
neither completely stationary nor high-speed running; instead, it moves at a constant speed while striving
to maintain body stability and reduce shaking and instability during dynamic movement. This gait
enables quadruped robots to adapt well to uneven terrain while maintaining a certain speed, thereby
improving motion efficiency and stability.

5. Kinematic Analysis

5.1. Kinematic forward and inverse solutions for a single leg
The forward kinematics solution for a single leg involves determining the foot endpoint position given
the joint rotation angles. Establish the coordinate system shown in Figure 6.

(z,y,2)

Figure 6. The coordinate system.

In Figure 6, let y be the angle of rotation at the shoulder, « be the angle of rotation at the thigh, and
[ be the angle of rotation at the calf. Let h be the length of the shoulder, hu be the length of the thigh,
and hl be the length of the calf. To calculate the x, y, and z coordinates of the foot, simplify the model
as shown in Figure 7.

Figure 7. Simplified model[1].
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As shown in Figure 7:
x = fu - sina + Al - cos@ (1)

hu ‘and hl are the projections of hu and hl onto the ZOY plane, respectively.

A = hu-cosa ()
Al = Al - sinf 3)
y = A cosy + (&' + Al') - siny “4)
z = k- siny + (&' + Al') - cosy (5)

The inverse kinematics solution for a single leg involves determining the joint angles based on known
foot endpoint position. This process is closely related to the motion control of quadruped robot.
First, the angle of the lateral swing joint can be calculated according to Figure 8.
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Figure 8. Simplified model [2].
Yy = —arctan% (6)
Y1 = —arctan% (7
Y=Y2—7 ®)

Next, the angle of the hip joint can be calculated according to Figure 9.

e i

Figure 9. Simplified model[3].

s =12+ x2 9
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2hu (10)
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B = —arccos% (11)

Finally, the angle of the knee joint can be calculated according to Figure 10.

Figure 10. Simplified model [4].

a = —arctan% (12)
a, = arccos futn (13)
a=a;+a, (14)

5.2. Cycloidal trajectory simulation of foot in MATLAB

In the study of quadruped robots, foot trajectory research is an important aspect. When the foot lands, it
is essential to minimize instantaneous impact, ensure accurate arrival at the target point, and lift to a
certain height to allow the robot to clear obstacles. To address these issues, there are various trajectory
planning solutions, such as polynomial fitting, sine-cosine combinations, and optimal trajectories. This
article will focus on the most common cycloid planning algorithm. The advantage of this algorithm lies
in its ability to adaptively adjust the step length of the swinging trajectory according to the robot’s body
speed, requiring only the input of the starting point, midpoint, and endpoint positions[5-8]. Let the
current starting position of the foot be ps = {xs,¥s,2s}, the expected endpoint position is py =

{xf, s, 2}, the cross leg height is h, so the midpoint position is p,, = @.
1, . .
Xf =EX'MTS _Kbx(xexp —X) (15)
1. . .
Vr =EY'“TS_Kby(yexp_y) (16)

In the above formula, T is the gait period, and u is the swing phase duty cycle. By adjusting the gain
parameter, it is expected that the coordinates of the landing point will change with the speed of the robot,
that is, the faster the speed, the greater the stride length, and the slower the speed, the smaller the stride
length[9-11]. When the speed is zero, the robot will effectively be standing still. For z¢, it can be directly
equated to the current expected height of the leg: z; = z,,,,. The equation for the cycloidal trajectory is
as follows:

Xexp = (xf - Xs) o‘—;s-[incr + X5 (17)
Yexp = (yf = Ys) z 275-[1716 + Vs (18)
Yexp = h 1_62050 + Zg (19)
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2nt
a=”—7;s,0<t</1Ts (20)

Let’s simulate the cycloidal trajectory in MATLAB. Setting ps = {—10,—10,0}, py = {40,40, ¢y},
h =20, T, = 1. Setting the duty cycle of the swing phase u = 0.5 to simulate the cycloidal trajectory of
the Trot gait and u = 0.25 to simulate the cycloidal trajectory of the Walk gait. The trajectories of both
in three-dimensional space are shown in Figure 11.

Figure 11. Cycloidal trajectories of the walk (front) and trot (back) Gaits.

The object analyzed above is the swinging leg of a quadruped robot. For the feet in the stance phase,
it is necessary to use certain algorithms to adjust the joint angles in real-time, ensuring the stability of
the robot’s body during movement and reducing vertical fluctuations and lateral sway. Specifically, the
trajectory of the stance phase can be viewed as the path each foot of the robot follows on the ground.
These paths may vary due to factors such as uneven ground and changes in the robot’s posture, but
overall, they exhibit a certain regularity. This article will not introduce further here.

6. MATLAB simulation results image

Based on the above analysis, for the swing phase, first, the endpoint position of the swing leg is planned
based on the robot’s real-time state estimation combined with high-level control commands. The foot
movement trajectory is then calculated, and the corresponding joint angles are obtained through inverse
kinematics. The entire motion process of the quadruped robot can be visualized and simulated using
MATLAB. Below, the simulation process is analyzed using the Trot gait as an example. Figure 12 shows
the simulation results of the Trot gait.

Y/m -0.5 -0.5

Figure 12. Simulation results of the trot gait.
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While simulating the trot gait, the angular change curve of each joint can be returned, as shown in
Figure 13. Since the robot is moving in a straight line, the lateral sway joint does not move, so 6; = 0.
The angles of the hip and knee joints exhibit periodic changes, and the variation patterns between the
left front leg and the right rear leg, as well as between the right front leg and the left rear leg, are identical,
as 0, and 65 represented in Figure 13. Based on this, by taking the first and second derivatives of the
angle change curves, we can obtain the angular velocity and angular acceleration curves, respectively,
as shown in Figure 14.
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Figure 13. Curves of joint angles.
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Figure 14. Curves of joint angles, angular velocities, and angular accelerations.

In the above analysis, the robot’s travel distance is set to 1.5 meters, the operating speed of the robot
is 0.3 m/s, and the running time is 5 seconds. The quadruped robot can achieve relatively stable linear
motion in the XOY plane using the Trot gait. At the same time, it is able to return the joint angles,
angular velocities, and angular accelerations relative to the initial state during the motion process. It can
be observed that these curves are basically in line with expectations.

7. Conclusion
This article analyzes the movement of a single leg based on different gait planning of quadruped robots
and ultimately achieves a relatively stable Trot gait through MATLAB simulation, providing a
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verification of the theoretical model. With the development of today's sensor technology, on the basis
of the basic motion theory of quadruped robots, quadruped robots will integrate more advanced sensing
systems, such as tactile sensors and force sensors. These sensors can provide real-time feedback on
ground conditions and foot contact forces, combined with various advanced algorithms for posture
adjustment, helping the robot maintain stable and effective movement in various complex environments,
thus enabling broader applications across different fields.
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