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Abstract. As a naturally porous medium, rocks have a very strong heterogeneity in their 

internal pore structure, which has an important impact on the mechanical and chemical 

properties of rocks, etc. Therefore, it is very important to quantitatively characterise the 

heterogeneity of the pore structure of rocks. Fractal dimension has long been recognised as an 

effective means of characterising the heterogeneity of the pore structure of porous media and is 

widely used in oil and gas exploitation, construction materials, mining, and water engineering.  

There are different methods to calculate the fractal dimension. To verify the consistency 

between different methods, this paper compares the results of fractal analysis using the 

mercury intrusion method and MATLAB image fractal analysis using three rock samples with 

large differences in porosity and calculates the fractal dimension in three different ways on the 

basis of the mercury intrusion method. The results demonstrate that the fractal dimension of the 

mercury intrusion method and the box counting dimension of the image analysis obtained by 

the three methods, although slightly different in numerical value, are consistent in their 

numerical relationship, i.e., they all conform to the rule that the stronger the non-homogeneity 

of the pore throat, the larger the fractal dimension. The results of this paper show that fractal 

dimension is indeed an effective means of characterising rock homogeneity. 
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1.  Introduction 

Porous structures are widely found in nature and engineering applications, such as the soil, rocks, 

bones, and trees that make up the Earth's biosphere, as well as pore materials including ceramics, 

metals, and organic materials, which are widely used in industrial processes such as construction, 

metallurgy, machinery, oil, and gas [1]. The results of previous studies show [2] that the porous 

structure is one of the key factors affecting the intrinsic characteristics and utilization of porous 

materials, and it is important to accurately characterize the pore structure of materials. For the 

quantitative description of the pore structure, the previous use of Euclidean geometry for the 

measurement of characteristic lengths or proportions no longer meets the realistic needs. Since the 

concept of fractal geometry was introduced by B.B. Mandelbrot in 1975, the concept has been used in 

a variety of fields, including applications in the pore structure of petroleum reservoirs. Tight oil and 

gas sandstone reservoirs are an important part of unconventional oil and gas reservoirs. Unlike 
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conventional sandstone reservoirs, tight sandstone extensively develops a micro- and nano-scale pore 

throat system, which is manifested by the narrow and non-homogeneous pore throat of the system and 

has important implications for the study of seepage characteristics and recovery effects of tight 

reservoirs [3-5]. The pore structure in a reservoir is closely related to the production and accumulation 

rate of hydrocarbons. Pore type, size, and arrangement can not only affect the reservoir and 

accumulation of hydrocarbons but also respond to the hydrocarbon reserves [6-7]. Therefore, 

quantitative characterisation of pore structure is necessary for hydrocarbon reservoirs, especially tight 

reservoirs, and previous studies have shown that fractal analysis is one of the effective tools that can 

help establish an evaluation method for the pore system of reservoir rocks.  

Existing characterisation methods applied to pore structure mainly include mercury intrusion 

porosimetry (MIP), gas (CO2, N2, and water vapour) adsorption, nuclear magnetic resonance (NMR), 

CT scanning, and so on. Due to the limitations of the assay methods themselves and the heterogeneity 

of the rocks, the scales that can be observed by different technical methods do not reflect the overall 

characteristics of the reservoir and will yield different evaluation results [7], and therefore need to be 

analysed in conjunction with the evaluation results of different experiments. Therefore, in this study, 

the fractal dimension of the samples is obtained by using the mercury intrusion method and the image 

method based on the previous mercury intrusion data and CT images, and the differences between the 

two methods are compared to evaluate the effectiveness of the different fractal analysis methods. The 

validity of the different fractal analysis methods was evaluated. 

2.  Methods and Techniques 

Fractal theory is a method for studying the internal structure of irregular forms based on their self-

similarity. Previously, it was found that fractal theory is applicable to characterise the pore structure of 

complex lithologies such as sandstones, carbonate rocks, and mud shales. The complexity and 

irregularity of the reservoir pore structure can be quantitatively characterised using the fractal 

dimension D. The smaller the value, the more regular and less heterogeneous the pore shape is [8]. 

2.1.  Analytical Method: Mercury Intrusion Method 

The basic principle of using the high-pressure mercury injection method to study the pore distribution 

of rocks is that mercury in the non-wetting phase overcomes the capillary pressure in the pore throat to 

enter the pore throat; the higher the driving pressure, the higher the amount of incoming mercury and 

the smaller the corresponding radius [3]. The injection pressure can be converted into the 

corresponding pore throat radius according to the Young-Laplace equation. 

𝑃𝑐 =
2𝜎𝑐𝑜𝑠𝜃

𝑟
(1) 

Where Pc  is the capillary pressure; is  σ surface tension (generally taken as 0.48 N/m).  θ is the 

contact angle (140°). Then the imput mercury volume corresponding to the imput mercury pressure is 

the pore throat space corresponding to the corresponding pore throat radius, and the pore distribution 

characteristics can be obtained by plotting the capillary pressure curve. 

The pore fractal dimension is calculated as: 

𝐷 = 𝑙𝑖𝑚
𝜀→0

𝑙𝑜𝑔𝑁(𝜀)

𝑙𝑜𝑔 (
1
𝜀

)
(2) 

If the distribution of pore throat reservoir space within a rock conforms to the fractal character, the 

following relationship is satisfied: 

𝑁(𝑟) ∝ 𝑟−𝐷 (3) 

The physical parameters in the formula are as follows: r is the radius of the pore-throat reservoir 

space,ε is the characteristic length, which corresponds to the radius of the pore throat in the storage 
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space, D is the corresponding fractal dimension of the pore throat storage space, and N(r) is the 

number of pore throat storage spaces with radius r 

Combined with capillary models Equation 4 can be obtained: 

𝑁(𝑟) =
𝑉𝐻𝑔

𝜋𝑟2𝑙
(4) 

where l is the length of the capillary tube and  VHg  is the total volume of mercury injected, then 

combining Eq.3 and Eq.4 gives: 

𝑉𝐻𝑔

𝜋𝑟2𝑙
∝ 𝑟−𝐷 (5) 

Combining this with the capillary model gives: 

𝑉𝐻𝑔 ∝ 𝑟2−𝐷 (6) 

Then the combination of Eq.1 gives: 

𝑉𝐻𝑔 ∝ 𝑃𝑐
−(2−𝐷) (7) 

Since the mercury saturation is: 

𝑆𝐻𝑔 =
𝑉𝐻𝑔

𝑉𝑝

(8) 

Where Vp is the pore volume, then: 

𝑆𝐻𝑔 = 𝛼𝑃𝑐
−(2−𝐷) (9) 

Further, by taking the derivative of both sides of the equation with respect to Pc: 

𝑑𝑆𝐻𝑔

𝑑𝑃𝑐
∝ 𝑃𝑐

−(3−𝐷) (10) 

2.2.  MATLAB-based Fractal Analysis 

Experimental analysis images were obtained from samples 10560_1_HR4 (Sample 1, porosity 6.49%) 

by Christoper J. Landry [5] (Fig. 1), 77 (Sample 2, porosity 14.2%) by Gilbert Scott [9] (Fig. 2), and 

44 (Sample 3, with a porosity of 28.3%) (Fig. 3). The graph shows that the greater the porosity, the 

more heterogeneous the sample. 

For a strictly self-similar fractal, the following equation is available. 

𝐷𝑠 =
𝑙𝑛𝑁

𝑙𝑛
1
𝑟

(11) 

whereDs is the similarity dimension, N is the number of similar elements, and r is the similarity ratio 

of similar elements. The counting box dimension, extended from Hausdorff dimension, is widely used 

in fractal analysis for curves and surfaces enclosed by curves and has little to do with the physical 

meaning of the image [10]. The calculation now binaries the image (Fig.4,5 and 6) and the figure is 

then covered with an equidistant square grid. After progressively refining the grid size, the number of 

box dimensions is calculated using the following formula [11]. 

𝐷𝐵 = 𝑙𝑖𝑚
𝑙𝑛𝑁𝛿𝑘

(𝐹)

−𝑙𝑛𝛿𝑘

(12) 

whereNδk
 is the number of δk-net cubes intersecting with F. The meaning of the formula is to divide 

the image into a grid whose side length is δk and then calculate the number of grids that cover the 
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region of interest in the image Nδk
. If F has a fractal character, according to Eq.12, when δk →

0,
lnNδk

ln
1

δk

→ DB , the fractal dimension can thus be found DB . The lengths of the sides of the boxes 

taken for the three samples are δk−1 =1, 2, 4 (sample1), δk−2 =1, 4, 16 (sample2), and δk−3 =1, 4, 16 

(sample3).  

 
  

Figure 1. Sample 1. Figure 2. Sample 2. Figure 3. Sample 3. 

 
  

Figure 4. binary chart of sample 1. Figure 5. binary chart of sample 2. Figure 6. binary chart of sample 3. 

Using image processing and numerical calculation functions in MATLAB, the image of the area of 

interest was extracted, and the CT scan image of the sample was binarized and converted into a black 

and white bitmap. And then the grayscale images were compared, and noise points with pixel values 

less than 4 were removed for subsequent extraction of image features. The colour value corresponding 

to each element in the digital image is stored in the corresponding position of the corresponding size 

matrix. According to the principle of box dimensions, the binary map is gridded and counted to obtain 

the number of grids covering the object area corresponding to the different grid edge lengths. The 

absolute value of the slope of the image is the boxed dimension when plotted in bilogarithmic 

coordinates DB. 

3.  Results and Discussion 

3.1.  Calculation of the Fractal Dimension by the MIP Method 

Experimental sample data were obtained from tight sandstone samples LD-1 and LD-8 in Ruilinag 

Guo, 2019 [12] and a core sample from an oil reservoir S2 in Kewen Li, 2004 [13]. The porosities of 

the three samples were 11.05% (LD-1), 3.08% (LD-8), and 26.32% (S-2). According to Eq. 3, 9, and 

10, the homogeneity of the pores can be compared in three ways. 
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Fig. 7 shows the capillary pressure curves for the three samples, with the wet phase saturation as 

the horizontal coordinate and the capillary pressure as the vertical coordinate, which can be used to 

determine the heterogeneity of the three samples. It is clear from the graph that the homogeneity varies 

very much between the three samples. Sample LD-8 was the most heterogeneous, and sample S-2 was 

the most homogeneous. Therefore, the heterogeneity of the three samples satisfies the following 

relationship.D(LD − 8) > D(LD − 1) > D(S − 2) . i.e., the smaller the porosity, the larger the fractal 

dimension. 

 
Figure 7. Capillary pressure curves of the three core samples from oil reservior. 

 

 

Figure 8. Relationships between N(r) and r of the three core samples from oil reservior. 
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From Fig. 8, calculated by Eq. 3, it can be seen that the radius of the pore throat and the number of 

pore throats of the corresponding radius are linear in a double logarithmic coordinate system. It can be 

seen from Eq. 2 that the pore throat system for all three samples is generally fractal and can be 

inscribed by fractal geometry, and that the slope of the one-dimensional fitted curve reflects the fractal 

dimension of the sample (Table 1). Based on the images, some of the data points for large pore radii 

deviate from the fitted straight line, indicating that the large radius pore throats may not be fractal. 

Based on the calculated results, the fractal dimension of these samples satisfies the relationship of 

Df(LD − 8) > Df(LD − 1) > Df(S − 2) , distributed between 2.9 and 3.5. 

Fig. 9 shows a plot of mercury saturation versus capillary pressure based on Eq. 9. All three sample 

curves satisfy a linear relationship at capillary pressures above a certain value, and fractal dimension 

values can be calculated from the equation. (Table 1). 

Table 1. Fractal dimensions of the three samples obtained by different methods. 

Sample Method LD-1 LD-8 S-2 

𝐷𝐵 

Eq. 3 2.2373 3.4327 2.2011 

Eq. 9 2.1300 3.1264 2.0586 

Eq. 10 2.0248 3.1376 1.7380 

Porosity 11.05% 3.08% 26.32% 

 

 

Figure 9. Capillary pressure curves of the three core samples from oil reservior. 
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Figure. 10. Relationships between 𝑑𝑆𝐻𝑔/𝑑𝑝𝑐 and 𝑝𝑐 of three core samples. 

Fig. 10 is plotted according to Equation 11, with the data points more dispersed than in Figs. 8 and 

9, and the resulting fractal dimension calculated according to the equation is shown in Table 1. Again, 

the heterogeneity of the three samples characterised by the fractal dimension obtained by this method 

still satisfies the relationship Df(LD − 8) > Df(LD − 1) > Df(S − 2) and took values between 1.8 and 

3.2, with a range that varied compared to the previous two. 

 

Figure 11. Pore size distribution of core LD-1. 
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Figure 12. Pore size distribution of core LD-8. 

 

Figure 13. Pore size distribution of core S-2. 
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The pore throat size distribution, as characterised by the pore throat radius, is represented in Fig.11-

13 and allows a more visual comparison of sample heterogeneity. As can be seen from the first two 

graphs, samples LD-1 and LD-8 have distinct double peaks, whereas sample S-2 has only one distinct 

peak, and this peak is relatively concentrated. So, it's clear that samples LD-1 and LD-8 are more 

different from each other than sample S-2, which is also what the numbers in Table 1 say.  

3.2.  Image Analysis to Calculate the Box Dimension 

According to the steps as above, a double logarithmic image is made with the grid edge length L as the 

horizontal coordinate and the number of grid n (L) covering the image of interest as the vertical 

coordinate, and the result can be obtained as shown in Fig. 14. The absolute value of the slope of the 

fitted one-dimensional straight line is the counted box dimension of the calculated 

sample. DB−sample1 = 0.5103, DB−sample2 = 1.3465, DB−sample3 = 1.5747  Again, in accordance 

with the law, the smaller the porosity, the larger the fractal dimension. 

 

Figure 14. Fractal analysis. 

4.  Discussion 

Fractal theory uses self-similarity to study the non-homogeneity of rocks and can quantitatively 

describe the complexity of pore structure for classification and evaluation purposes [5,14]. In this 

paper, using previous mercury intrusion data as well as rock CT scan images, two different methods, 

mercury intrusion fractal analysis and MATLAB image analysis, were used to obtain consistent results, 

indicating that both fractal dimensions are effective methods for characterising rock heterogeneity. As 

shown in Fig. 15, from the trend of fractal dimension obtained from the three calculation methods 

based on the mercury intrusion data and that of the box counting dimension derived from image 

analysis, it can be seen that the different methods satisfy the rule that the larger the porosity, the lower 

the pore structure inhomogeneity, and the smaller the fractal dimension, which is consistent with the 

previous studies [8,15-17].At the same time, according to the previous research results [18,19], this 

conclusion is also applicable to other porous media. 

In three-dimensional Euclidean space, the fractal dimension of the pore structure is between 2 and 

3. This is also the theoretical interval for the fractal dimension of the MIP method. While the fractal 

dimension of a two-dimensional plane is theoretically between 1 and 2, the larger the fractal 

dimension, the more the pores tend to fill the entire plane, i.e., the greater the heterogeneity [20] , and 

since the image method used in this paper is based on the analysis of two-dimensional images, the 
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theoretical value of the fractal dimension is between 1 and 2. Therefore, in this study, the fractal 

dimension obtained for MIP is generally greater than the box counting dimension(Fig. 15). 

 

Figure 15. Comparison of different fractal analysis methods. 

5.  Conclusion 

(1) The data obtained, whether using MIP or CT scan images, are consistent with the relationship that 

the greater the porosity, the more heterogeneous the reservoir. 

(2) The fractal dimensions calculated by the different methods differ numerically but follow the 

same trend with porosity. 

(3) The fractal dimension of the pore structure can better quantify the porosity, and there is a good 

correspondence between the size of the fractal dimension and its physical properties: the larger the 

porosity, the larger the fractal dimension. This is consistent with the results of previous studies.  
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