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Abstract: This article presents a comparison between the Markowitz model and the index
model, focusing on their applications in portfolio management. The Markowitz model, also
known as the mean-variance model, revolutionized portfolio theory by introducing a
quantitative method for balancing risk and return. This model constructs optimal portfolios
that maximize expected return for a given level of risk or minimize risk for a given expected
return, using a covariance matrix to assess relationships between asset returns. In contrast,
index models popularized by William Sharpe offer a simplified approach focused on the
relationship between individual asset returns and a common benchmark (usually a market
portfolio). The article explores the theoretical foundations of the two models, highlighting
their mathematical formulations and assumptions. It also discusses the computational
methodologies involved in implementing these models and examines the challenges and
advances in optimization techniques. It evaluates how these technological innovations have
enhanced portfolio optimization, enabling the handling of larger datasets and more complex
market dynamics. In addition to comparing these two models, the article delves deeper into
the concepts of efficient frontier, inefficient frontier and minimum variance frontier. The
efficient frontier is the portfolios that offer the highest expected return for target risk, while
the inefficient frontier includes portfolios that do not offer the best return for the level of risk.
Minimum variance frontier focuses on portfolios that minimize risk for target expected return,
emphasizing the importance of risk management in investment decisions.

Keywords: Portfolio, Index Model, Markowitz Model, Robustness analysis.

1. Introduction

The dynamic and complex nature of financial markets requires sophisticated portfolio management
and optimization strategies. Two essential models that have significantly shaped the field of portfolio
theory are the Markowitz model, also known as the mean-variance model, and the index model. Each
of these models brings a unique set of principles and methodologies aimed at improving portfolio
performance by balancing risk and return.

The Markowitz model, introduced by Harry Markowitz in his groundbreaking 1952 article
"Portfolio Selection," is the way investors thought about diversification and risk [1] By quantitatively
evaluating the trade-off between risk and return, the Markowitz model provides a framework for
constructing an optimal portfolio that maximizes the expected return for a given level of risk or,
conversely, the expected risk for a given level of return [2]. This model works on the principle that
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an investor can achieve an optimal portfolio through careful asset allocation based on expected returns,
variances and covariances. Markowitz's brilliance lies in his mathematical rigor, which allows him to
define an efficient term for the sum of portfolios with the expected return for a certain risk. In contrast,
the index model popularized by William Sharpe simplifies the computational complexity associated
with Markowitz by requiring a relationship between individual returns and a common index. The
main index model is the assumption that the returns of individual securities are linearly related to the
returns of a market index, such as the S&P 500. This model introduces the concept of beta, a more
sensitive factor to market movements, which facilitates a more streamlined and practical approach to
portfolio optimization. By breaking down total risk into systematic and unsystematic components,
the index model allows investors to factor in market risk, assuming that idiosyncratic risks can be
removed.

The comparative analysis of the Markowitz Model and the Index Model in portfolio management
is not merely an academic exercise but a practical investigation into their real-world applications and
effectiveness. The Markowitz Model, with its comprehensive and precise approach, is often lauded
for its theoretical robustness. However, its reliance on extensive and often unavailable data for
covariances, as well as the computational intensity of deriving the efficient frontier, can be seen as
limitations in practical scenarios. The model originally incorporated iso-mean and iso-variance
surfaces for proving portfolio optimization [3]. On the other hand, the Index Model, with its
simplification and reliance on readily available market data, offers a more accessible and less
computationally demanding alternative [4]. Single-index modeling is widely applied in, for example,
econometric studies as a compromise between too restrictive parametric models and flexible but
hardly estimable purely nonparametric models [5] Yet, this model's assumptions about market
efficiency and the linearity of returns may not hold true in all market conditions, potentially leading
to suboptimal portfolio choices [6,7].

This paper aims to explore and compare the usage of the Markowitz Model and the Index Model
in constructing and managing investment portfolios. Through a detailed examination of their
theoretical underpinnings, computational methodologies, and practical implications, we seek to
understand the strengths and weaknesses of each model. Furthermore, we will assess their
performance in various market conditions, drawing on empirical data and case studies to provide a
comprehensive evaluation.

The comparative analysis will also consider the impact of modern advancements in computational
finance and data availability on the applicability and efficiency of these models. As the financial
landscape evolves with the advent of big data analytics, machine learning, and algorithmic trading,
the relevance and adaptability of traditional models like those of Markowitz and Sharpe are of
paramount interest. This investigation will provide insights into how these foundational models can
be integrated with contemporary techniques to enhance portfolio optimization strategies.

In conclusion, this article aims to bridge the difference between theoretical models and actual
investment strategies by offering a nuanced comparison of the Markowitz Model and the Index Model.
By critically analyzing their respective methodologies, assumptions, and real-world applications, our
goal is to provide ongoing portfolio management and proactive insights to investors seeking to make
the best investment decisions in an increasingly complex and volatile economic environment [8].

2. Construction of models

In the area of financial economics, the concepts of the efficient frontier, inefficient frontier, and
minimum variance frontier hold pivotal importance in the construction and optimization of
investment portfolios. These theoretical constructs, rooted in modern portfolio theory, provide
investors with the tools and frameworks necessary to balance risk and return, ultimately guiding them
toward more informed and strategic investment decisions. Each of these frontiers—efficient,
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inefficient, and minimum variance—offers unique insights into the risk-return trade-off and has
distinct implications for portfolio management.

In this article, we will only use a single-index model with S&P500 Index, there are also more
complex index models such as two-index models [9].

2.1. The Efficient Frontier

The efficient frontier is the cornerstone of portfolio theory. It was first introduced by Harry Markowitz
in his seminal 1952 article, “Portfolio Selection.” It represents the set of optimal portfolios with a
certain level of risk or the lowest risk that offer the highest expected return or a given expected return.
An efficient frontier involves showing portfolios on a risk-return graph, where the x-axis represents
risk (the standard deviation of portfolio returns is usually measured) and the y-axis represents
expected return.

Portfolios that lie on the efficient frontier are considered optimal because they maximize returns
for a specific level of risk. Conversely, for a given expected return, they minimize risk. The efficient
frontier is generally ascending, reflecting the positive relationship between risk and return. The slope
and shape of the efficient frontier can provide valuable information about market conditions and the
potential benefits of diversification [10].

The Inefficient Frontier in contrast to the efficient frontier, the inefficient frontier represents
portfolios that do not optimize the risk-return trade-off. These portfolios either have higher levels of
risk for a given return or lower returns for a given level of risk compared to those on the efficient
frontier. Essentially, any portfolio that lies below of the efficient frontier is always seen as inefficient.

Portfolios on the inefficient frontier may be suboptimal due to various reasons, such as lack of
diversification, poor asset allocation, or erroneous investment strategies. Investors aiming to improve
their portfolio performance should seek to move from the inefficient frontier towards the efficient
frontier by optimizing their asset allocation and leveraging diversification benefits.

2.2. The Inefficient Frontier

In contrast to the efficient frontier, the inefficient frontier represents portfolios that do not optimize
the risk-return trade-off. These portfolios either have higher levels of risk for a given return or lower
returns for a given level of risk compared to those on the efficient frontier. Essentially, any portfolio
that lies below or to the right of the efficient frontier is considered inefficient.

Portfolios on the inefficient frontier may be suboptimal due to various reasons, such as lack of
diversification, poor asset allocation, or erroneous investment strategies. Investors aiming to improve
their portfolio performance should seek to move from the inefficient frontier towards the efficient
frontier by optimizing their asset allocation and leveraging diversification benefits.

2.3. The Minimum Variance Frontier

The minimum variance frontier is a specific subset of the efficient frontier, focusing exclusively on
portfolios that minimize risk. It is constructed by identifying the portfolio combinations that yield
the lowest possible variance (or standard deviation) for all possible expected returns. The portfolio
with the absolute lowest variance on this frontier which also means the global minimum variance
portfolio.

The minimum variance frontier is significant because it highlights the role of diversification in
risk reduction. Even without considering expected returns, constructing portfolios that lie on the
minimum variance frontier ensures that risk is minimized given the set of available assets. This is
especially useful for risk-averse investors who prefers stability and capital preservation than high
returns.
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2.4. Data source

We used 10 stocks, as can be seen in Figure 1: Amazon.com, Inc., Figure 2: Apple Inc., Figure 3:
Citrix Systems, Inc., Figure 4: JPMorgan Chase & Co., Figure 5: Berkshire Hathaway Inc., Figure 6:
The Progressive Corporation, Figure 7: United Parcel Service, Inc., Figure 8: FedEx Corporation,
Figure 9: J.B. Hunt Transport Services, Inc., and Figure 10: Landstar System, Inc. Their stock price
graphs as below:

Monthly Return

Figure 1: Amazon Inc.
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Figure 2: Apple Inc.

Monthly Retum

Figure 3: Citrix Systems, Inc.
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Figure 4: JPMorgan Chase & Co.
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Figure 5: Berkshire Hathaway Inc.
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Figure 6: The Progressive Corporation.
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Figure 7: United Parcel Service, Inc.
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Figure 8: FedEx Corporation.
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Figure 9: J.B. Hunt Transport Services.

Maonthly Retum

Figure 10: Landstar System, Inc.

3.  Data Processing

We began by selecting ten representative stocks from various sectors to ensure a diversified portfolio.
The chosen stocks. Historical daily closing prices for these stocks were collected over a five-year
period to provide a comprehensive dataset for analysis.

Before we start data processing, we first need to pre-process our data, which is divided into 2 parts:
Data cleaning, and Normalization:

Data Cleaning: The raw data was cleaned to remove any anomalies, such as missing values or
outliers. Missing values were handled by linear interpolation, and outliers were identified using the
z-score method and subsequently smoothed to minimize their impact on the analysis.

Normalization: To ensure comparability across stocks with different price ranges and volatilities,
the data was normalized. This involved transforming the price data into logarithmic returns, which
mitigates the impact of extreme values and stabilizes the variance.

We calculated the correlation matrix of the 10 stocks:

T=—@X-0TX-X) (1)

Where X is the matrix of stock returns and X is the matrix of mean returns. The resulting
correlation matrix, illustrated in Figure 11, highlighted higher correlations among stocks within the
same sector, indicating shared market influences.
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SPX AMZN AAPL CTXS JPM BRK/A PGR UPS FDX JBHT LSTR
SPX 100.0% 48.5% 54.2% 43.7% 69.7% 52.3% 50.2% 57.5% 61.4% 52.1% 49.5%
AMZN 48.5% 100.0% 37.7% 21.7% 25.2% 11.8% 20.0% 29.6% 28.0% 30.8% 25.6%
AAPL 54.2% 37.7% 100.0% 33.2% 24.4% 17.3% 24.0% 23.1% 33.0% 26.8% 28.7%
CTXS 43.7% 21.7% 33.2% 100.0% 32.4% 18.1% 27.1% 26.4% 33.1% 29.0% 25.2%
JPM 69.7% 25.2% 24.4% 32.4% 100.0% 45.2% 39.3% 36.1% 44.0% 44.2% 37.5%
BRK/A | 52.3% 11.8% 17.3% 18.1% 45.2% 100.0% 26.4% 40.4% 38.5% 23.9% 23.4%
PGR 50.2% 20.0% 24.0% 27.1% 39.3% 26.4% 100.0% 39.2% 36.5% 28.0% 28.9%
UPS 57.5% 29.6% 23.1% 26.4% 36.1% 40.4% 39.2% 100.0% 67.5% 45.9% 44.1%
FDX 61.4% 28.0% 33.0% 33.1% 44.0% 38.5% 36.5% 67.5% 100.0% 53.7% 48.2%
JBHT 52.1% 30.8% 26.8% 29.0% 44.2% 23.9% 28.0% 45.9% 53.7% 100.0% 59.0%
LSTR 49.5% 25.6% 28.7% 25.2% 37.5% 23.4% 28.9% 44.1% 48.2% 59.0% 100.0%

Figure 11: The correlation matrix of the stocks.

We noticed that due to production chain and other reasons, stocks of companies in the same sector
have a relatively higher correlation coefficient.
For the Index Model, we calculated their coefficients as Figure 12:

SPX AMZN AAPL CTXS JPM BRK/A PGR UPS FDX JBHT LSTR
Annual Average Return| 7.542% 33.796% 34.016% 15.636% 11.865% 9.002%  15.406% 9.850% 12.952% 22.525% 17.387%
Annual StDev| 14.850% 41.410% 34.452% 41.514% 29.013% 16.243% 21.059% 21.437% 26.690% 30.654% 23.924%

beta 1 135.13% 125.69% 122.06% 126.08% 57.21% 71.20%  8296% 110.36% 107.63% 79.75%
alphal 0.000% 23.604% 34.536% 6.430% 1.601% 4.687% 10.036% 3.592% 4.628% 14.407% 11.372%
residual Stdev] 0.000% 36.223% 28.957% 37.348% 20.818% 13.844% 18.212% 17.543% 21.066% 26.158% 20.786%

Figure 12: Coefficients for Index Model.

The formula of Index Model:
R=a+f*Ry+te (2)

R means the return of a stock, a represents the stock's excess return independent of the market,
Ry, is the return on the market portfolio, and e is the idiosyncratic return of stock, representing the
component of the stock's return that is independent of the market. [11].

Under the same portfolio, in contrast of the two models, MM give us a higher expected return, and
higher Sharpe, although their standard deviations remain almost the same (Figure 13):

SPX AMZN AAPL CTXS JPM BRK/A PGR UPS FDX JBHT LSTR Return StDev Sharpe
‘ MM 72.2% -2.3% -3.8% -1.0% -18.5% 36.2% 13.9% 3.4% -10.3% -0.5% 10.8% 58.4%
IM 65.8% -4.1% -4.7% -2.4% -12.9% 34.5% 13.4% 8.6% -3.6% -1.7% 7.2% 52.0%

Figure 13: Weights, returns, and Standard deviations for one portfolio.

3.1. Portfolio Constraints

We set 5 constraints to simulate the portfolio constraints people might have in real life:
Conl: The sum of the absolute values of all weights is less than 2.
Con2: The absolute value of any weight is less than 1.
Con3; Free problem, no constraints.
Con4: Weight of any stock is more than 0.
Con5: Weight of risk-free investment is 0.

conl: ¥ lw;| <2 3)
con2: lw;| < 1 4)
con3:no constraints ®))
cond:w; = 0 (6)
consS:w; =0 (7)
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The result of minimum variance portfolio comes as follow:

Table 1: MiniVar and MaxSharpe portfolios of Markowitz Model

MM (constraint 1) MiniVar MaxSharpe
SPX 72.24% -48.25%
AMZN -2.35% 16.40%
AAPL -3.85% 30.02%
CTXS -1.04% -0.10%
JPM -18.47% -0.09%
BRK/A 36.21% 41.31%
PGR 13.91% 32.96%
UPS 3.43% -0.02%
FDX -10.28% -1.46%
JBHT -0.55% 12.50%
LSTR 10.75% 16.73%
Return 7.15% 26.42%
StDev 12.24% 18.69%
Sharpe 0.584 1.413
MM (constraint 2) MiniVar MaxSharpe
SPX 72.24% 47.50%
AMZN 2.35% 37.06%
AAPL 3.85% 65.39%
CTXS 1.05% 0.43%
JPM 18.47% 17.30%
BRK/A 36.21% 91.59%
PGR 13.91% 68.19%
UPS 3.43% 1.27%
FDX 10.28% 8.69%
JBHT 0.56% 30.97%
LSTR 10.75% 34.02%
Return 7.15% 49.61%
StDev 12.24% 32.25%
Sharpe 0.584 1.539
MM (constraint 3) MiniVar MaxSharpe
SPX 72.24% -237.52%
AMZN -2.35% 37.06%
AAPL -3.85% 65.39%
CTXS -1.04% 0.42%
JPM -18.47% 17.30%
BRK/A 36.21% 91.59%
PGR 13.91% 68.19%
UPS 3.43% 1.27%
FDX -10.28% -8.69%
JBHT -0.55% 30.97%
LSTR 10.75% 34.02%
Return 7.15% 49.61%
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Table 1: (continued).

StDev 12.24% 32.25%
Sharpe 0.584 1.539
MM (constraint 4) MiniVar MaxSharpe
SPX 38.47% 0.00%
AMZN 0.00% 12.96%
AAPL 0.00% 25.21%
CTXS 0.00% 0.00%
JPM 0.00% 0.00%
BRK/A 38.49% 19.26%
PGR 14.23% 22.72%
UPS 0.72% 0.00%
FDX 0.00% 0.00%
JBHT 0.00% 8.81%
LSTR 8.09% 11.04%
Return 10.04% 22.09%
StDev 13.09% 17.62%
Sharpe 0.767 1.254
MM (constraint 5) MiniVar MaxSharpe
SPX 0.00% 0.00%
AMZN 2.45% 14.65%
AAPL 4.19% 26.73%
CTXS 0.84% -3.44%
JPM -7.09% -15.54%
BRK/A 56.31% 36.35%
PGR 23.52% 31.99%
UPS 11.41% -12.17%
FDX -8.05% -13.21%
JBHT 0.60% 17.83%
LSTR 15.82% 16.81%
Return 13.20% 23.89%
StDev 13.39% 18.02%
Sharpe 0.986 1.326

Table 2: MiniVar and MaxSharpe portfolios of Index Model

IM (constraint 1) MiniVar MaxSharpe
SPX -52.14% -48.37%
AMZN 15.35% 16.05%
AAPL 25.70% 44.13%
CTXS 0.26% 0.10%
JPM 6.54% -1.56%
BRK/A 34.94% 19.70%
PGR 25.10% 28.77%
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Table 2: (continued).

UPS 0.93% 0.16%
FDX -2.16% 0.05%
JBHT 8.30% 16.84%
LSTR 14.31% 24.14%
Return 24.52% 35.26%
StDev 15.58% 21.93%
Sharpe 1.574 1.608

IM (constraint 2) MiniVar MaxSharpe
SPX 61.37% 7.49%
AMZN -4.23% 36.00%
AAPL -4.84% 7.34%
CTXS -2.50% 4.89%
JPM -9.51% 7.66%
BRK/A 35.29% 7.83%
PGR 13.72% 7.28%
UPS 8.75% 6.44%
FDX -3.69% 2.33%
JBHT -1.76% 5.25%
LSTR 7.41% 7.49%
Return 6.19% 22.83%
StDev 12.57% 21.38%
Sharpe 0.492 1.068

IM (constraint 3) MiniVar MaxSharpe
SPX 61.37% -389.85%
AMZN -4.23% 45.98%
AAPL -4.84% 105.26%
CTXS -2.50% 11.78%
JPM -9.51% 9.44%
BRK/A 35.29% 62.50%
PGR 13.72% 77.33%
UPS 8.75% 29.83%
FDX -3.69% 26.65%
JBHT -1.76% 53.81%
LSTR 7.41% 67.27%
Return 6.19% 83.10%
StDev 12.57% 46.09%
Sharpe 0.492 1.803

IM (constraint 4) MiniVar MaxSharpe
SPX 61.37% -389.85%
AMZN -4.23% 45.98%
AAPL -4.84% 105.26%
CTXS -2.50% 11.78%
JPM -9.51% 9.44%
BRK/A 35.29% 62.50%
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Table 2: (continued).

PGR 13.72% 77.33%
UPS 8.75% 29.83%
FDX -3.69% 26.65%
JBHT -1.76% 53.81%
LSTR 7.41% 67.27%
Return 6.19% 83.10%
StDev 12.57% 46.09%
Sharpe 0.492 1.803
IM (constraint 5) MiniVar MaxSharpe
SPX 0.00% 0.00%
AMZN -1.77% 17.88%
AAPL -1.11% 49.52%
CTXS -0.28% -1.52%
JPM -2.28% -23.25%
BRK/A 47.69% 8.49%
PGR 21.36% 25.94%
UPS 17.40% -8.63%
FDX 2.98% -8.49%
JBHT 2.52% 17.26%
LSTR 13.48% 22.78%
Return 11.21% 35.68%
StDev 13.25% 23.63%
Sharpe 0.846 1.510

We notice that under some of the constraints, the difference of the two models cannot be ignored.
3.2. Results and Analysis

The minimum variance portfolio results under different constraints were compared for both models.
Figures 14 and 15 show the portfolio allocations and their respective returns and standard deviations.
It was observed that under certain constraints, the differences between the models became significant.

3.3. Frontiers

We plotted the efficient, inefficient, and minimum variance frontiers for both models. Figures 14 and
15 demonstrate these frontiers, revealing that while the efficient frontiers were similar, the inefficient
and minimum variance frontiers showed noticeable differences under various constraints. [10].
With frontiers drown, we compared these two models, the valid frontiers are similar, but under
some circumstances, the frontiers are more like scattered points, and these frontiers are quite different:
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Markowitz Model
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Figure 15: Frontiers of Index Model.
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3.4. Robustness Analysis

To measure the robustness, we calculated the excessive return, and excessive variance of the frontiers:

Efficient Frontier Excessive Return
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Figure 16: Excessive returns of efficient frontier.
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Figure 17: Excessive returns of inefficient frontier.

We found that the excessive return could be extremely high, especially when the target variance
is high.
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Minivar Frontier Excessive Return

Figure 18: Excessive variance of minimum variance frontier.

For the Minivar Frontier, we calculated the excessive variance, and found that the variance of
Markowitz Model is almost always higher than that of Index Model, which indicates that the Sharpe
ratio estimated by Index Model is almost always higher. Also, we found that the excessive variance
gets relatively higher when the target return is negative, one possible reason is that when the target
return is negative, our portfolio tend to take a more radical strategy, causing the excessive variance
to get higher.

As a result, since the excessive return can reach 56.9% in extreme situations, we can say that the
robustness the two models is rather weak. However, with a target variance lower than 20%, the
excessive return stays in a acceptable area, which means that the data could be reliable when the
expected risk is low.

To assess robustness, we calculated the excessive return and excessive variance of the frontiers.
Figures 16 to 18 illustrate that while the excessive return could be extremely high in certain scenarios,
the excessive variance of the Markowitz Model was generally higher than that of the Index Model.
This suggests that the Index Model may offer a higher Sharpe ratio under similar conditions.

In summary, the data processing phase meticulously prepared the dataset for robust comparison,
ensuring the accuracy and reliability of our subsequent analysis. This comprehensive approach
allowed for a thorough evaluation of the performance and applicability of the Markowitz and Index
Models in portfolio management.

4. Conclusion
4.1. Research Conclusion

This paper provides a comprehensive analysis of the Markowitz Model and the Index Model in the
context of portfolio management. Through theoretical examination and empirical evaluation, the
study highlights the strengths and limitations of each model. The Markowitz Model, with its robust
mathematical foundation, offers precise portfolio optimization by considering the covariance matrix
of asset returns. However, its practical application is often hindered by the need for extensive data
and computational intensity. On the other hand, the Index Model, with its simplified approach and
reliance on market index data, provides a more accessible and less computationally demanding
alternative. Despite its ease of use, the Index Model's assumptions about market efficiency and
linearity of returns may not hold in all market conditions, leading to potential inefficiencies.

The empirical results demonstrate that the Markowitz Model tends to offer higher expected returns
and Sharpe ratios, albeit with similar standard deviations to the Index Model. The study also reveals
that under certain constraints, the differences between the two models become significant, impacting
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the portfolio's performance. The analysis of the efficient, inefficient, and minimum variance frontiers
further underscores the importance of model selection based on specific investment objectives and
market conditions.

4.2. Future Plan

Building on the findings of this paper, future research will focus on several key areas to enhance the
applicability and efficiency of portfolio optimization models. First, the integration of modern
computational techniques such as machine learning algorithms and big data analytics will be explored
to improve the accuracy and efficiency of both the Markowitz and Index Models. By leveraging these
advanced technologies, it will be possible to handle larger datasets and more complex market
dynamics, thus providing more robust portfolio optimization solutions [11].

Second, the study will expand to include a broader range of asset classes and market conditions to
assess the models' performance across different economic scenarios. This will provide a more
comprehensive understanding of the models' strengths and weaknesses in diverse market
environments.

Third, the development of hybrid models that combine the strengths of the Markowitz and Index
Models will be investigated. Such models aim to offer a balanced approach that capitalizes on the
precision of the Markowitz Model and the practicality of the Index Model, potentially leading to more
optimal portfolio management strategies.

Lastly, future research will also explore the impact of behavioral finance on portfolio optimization.
By incorporating behavioral factors into the models, it will be possible to account for irrational
investor behaviors and market anomalies, leading to more realistic and effective portfolio strategies.

In conclusion, this study lays the groundwork for further advancements in portfolio optimization,
paving the way for more sophisticated and practical investment strategies in an ever-evolving
financial landscape.
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