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Abstract. Multibeam sounding technology is a cutting-edge method used for measuring
underwater topography, widely applied across various fields. The actual seafloor terrain often
exhibits significant fluctuations, leading to challenges such as insufficient coverage in shallow
areas and excessive overlap in deep-water zones, resulting in inefficient operations. Rational
selection of line spacing helps improve measurement efficiency and ensures data integrity. In
this paper, taking the 2023 National College Student Mathematical Modeling Competition
Problem B as a background, we conduct a thorough analysis of the variation patterns of the
coverage width of multibeam sounding strips with respect to various parameters. We establish
models for ocean depth and coverage width, determining how the strip coverage width changes
with distance and the angle between survey lines in different scenarios. Finally, employing
genetic algorithms and differential methods, we identify decision variables, objective functions,
and constraints to formulate a nonlinear programming model. Through iterative searches, we
obtain an optimal sounding line deployment plan that maximizes coverage of the target sea area
while keeping the overlap rate below 20%. The calculated missed measurement error is
approximately 32.774%, and the overlap rate is around 10.477%, indicating a high level of model
accuracy.

Keywords: Multibeam sounding system, Coverage width model, Random search optimization,
Genetic algorithm

1. Introduction

The principle of a multibeam sounding system involves the use of a set of acoustic transmitters and
receivers to emit and receive multiple beams of sound, covering a certain width range. These sound
beams propagate underwater, reflect upon encountering the seafloor, and are captured by the receivers.
By analyzing the propagation time and angle of the sound waves, the system can accurately calculate
the underwater terrain and depth [1]. Over the years, multibeam sounding systems have played a
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significant role in exploring ocean topography. However, there are some issues regarding measurement
accuracy, which have been discussed within the academic community.

Xiangyun Zhou analyzed the measurement accuracy of multibeam sounding systems from the
perspective of sound velocity and introduced a sound velocity correction model [2]. Lin Liu summarized
various factors causing errors in multibeam sounding and analyzed their mechanisms, proposing
corresponding solutions [3]. Jiacheng Yu and his colleagues established a digital bathymetric
measurement model for multibeam systems, correcting measurement errors caused by beam angle,
carrier attitude effects, and terrain effects [4]. Shengxuan Liu and others suggested using relative error
uniformly as the evaluation criterion for line measurement accuracy in multibeam sounding, providing
a more objective reflection of the accuracy of multibeam sounding results [5]. Junsen Wang and his team
utilized a model to correct edge beam depth data in overlapping regions of adjacent survey lines,
effectively reducing measurement errors caused by seafloor terrain [6]. Nong Wang and others evaluated
the accuracy of edge beam data in overlapping regions of adjacent survey lines, further establishing an
optimization model for correction [7]. Drawing inspiration from the methods of Junsen Wang and Nong
Wang, this paper, set against the backdrop of the National College Student Mathematical Modeling
Competition, focuses on the measurement errors of edge beams. Considering the impact of overlapping
rates of adjacent survey lines on the measurement of edge beams, we conduct an in-depth analysis of
the complex relationship between the beam strip coverage width and various parameters in the
multibeam sounding system. Multiple optimized deployment schemes for multibeam measurement
vessels in various scenarios are proposed. Utilizing differential methods, we calculate the percentage of
missed measurements to estimate model accuracy. This study aims to provide more accurate and
efficient technical methods for marine measurements, supporting various applications such as marine
scientific research, resource exploration, and environmental monitoring.

2. Model Establishment and Solution

2.1. Model Assumptions

Assumption 1: The overlap rate between adjacent strips is not influenced by underwater topography.
Assumption 2: The measurement vessel is treated as a point mass, and factors such as its volume and

size are not considered to affect measurement accuracy.

2.2. Establishment of the Coverage Width Model (f = 90°)

Let the angle between the direction of the survey line and the normal projection of the seafloor slope on
the horizontal plane be 5, and let the intersection of the plane perpendicular to the survey line direction
and the seafloor slope create a line inclined at an angle a with the horizontal plane. First, consider the
case when 8 = 90°.

Figure 1. Schematic diagram of coverage width for a single survey vessel

The overlap rate 1 between adjacent strips (d is the spacing between two adjacent survey lines, and
W is the strip coverage width) is given by:
d

T]:]—W (1)
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As shown in Figures 1 and 2, based on geometric relationships and the sine theorem in triangles
ABOA and 4BOD [7], the coverage width W can be expressed as:
. 0 .0
sin— sin—
2 —+ 2 .
sin (90°+ a — 7) sin (90° — a — 7)
Next, calculate the water depth z, at the center of the survey line (considering the above position as
the center), as illustrated in Figure 2:
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Figure 2. Schematic diagram of overlap rate and coverage width between adjacent survey lines

As shown in Figure 2, 0G L HG, OG || FE, so £HOG = 4a. In triangle 4HOG, 0G = a, HG =
Ztan a. z represents the distance from the survey line to the center point [8], and based on geometric
relationships:

D(z) =D —ztana 3

Substituting the expression for sea depth D (z) into equation (2), we obtain [9]:

sin= sin5
2 2

W = (D —ztana) X + 9

3 X cosa 4)
sin(90°+ a — 7) sin(90° — a — 7)
2.3. Establishment of the Coverage Width Model (Variable 3)

In this paper, the entire sea area is placed within a rectangular prism, aligning the plane containing the
survey line with one diagonal face of the prism, as shown in Figure 3. The plane UVNB corresponds to
the plane containing the survey line. The normal projection is known to be parallel to the upper and
lower edges of the rectangular sea surface, specifically, the complementary angle to the angle f formed
by the vertical section containing the survey line and the normal projection equals the angle formed by
the vertical section containing the survey line and the edge BC of the rectangular sea surface [10].
Particularly, when £ = 45°, the prism is a cube. When 0° < 8 < 90° and 270° < f < 360°, the
vessel travels towards greater ocean depths.

Figure 3. Schematic diagram of a rectangular prism sea area
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Assuming the highest point where the seafloor slope intersects with the prism, and the perpendicular
line BE to the sea area ground is 1, the length of the prism’s side BC is 1/ tan a. The slope @' is the
angle between the vertical section perpendicular to the sea surface and the intersection line formed by
the vertical section and the slope surface, and in ANBC, the edge NB can be expressed as NB =
1/{tana - cos(mr — B)}. In ANEB, it follows: tan @’ = — tan & cos f3.

When 90° < < 270°, the vessel travels towards shallower areas. As shown in Figure 3 (right),
with the normal projection known to be parallel to the upper and lower edges of the rectangular sea
surface, the angle 8 formed by the vertical section containing the survey line and the normal projection
is equal to the angle formed by the vertical section containing the survey line and the edge ND of the
rectangular sea surface. Similarly, it can be obtained: tan @’ = tan a cos .

Substituting the general functional relationship between 8 and slope a'into the established coverage
width model (Equation (4)), different coverage width models for various survey line direction angles,
or different 8 values, can be derived:

sin% sin%
W = (D —ztana) X 5t 5| X cosa (5)
sin(90° + a — 7) sin(90° — a — 7)
Where:
—tanacos B, B € [0,90°) U (270°,360°)
tana’ = JtanacosB, B € (90°270°) (6)

tana, L =90°Upf =270°
2.4. Genetic Algorithm-Based Survey Line Selection Model

2.4.1. Assumption of No Seafloor Slope in a Certain Sea Area. In this study, Python software is
employed to process the bathymetric data obtained from single-beam measurements in the sea area,
resulting in the seafloor depth distribution map shown in Figure 4. Deeper colors indicate greater
seafloor depths, while lighter colors signify shallower depths.

Figure 4. Seafloor depth distribution

Upon analyzing the dataset, it was observed that for every increase of 0.02 nautical miles on both the
horizontal and vertical axes, the seawater depth fluctuates within a small range. To simplify the model,
it is assumed that the seafloor topography can be approximated as flat within this small range [11].

2.4.2. Determination of the Objective Function. This model can be considered as a single-objective
optimization model, with the optimization goal of minimizing the total length of survey lines. The
mathematical expression is as follows (where n is the total number of survey lines):

min (5 X 1852n) (7)
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Since the overlap raten = 1 —% = WT_d, where d is the effective overlap width, the shortest total

length of survey lines can be expressed as the sum of effective overlap widths, as shown below after
further simplification of the optimization goal:
/

max ( ?=1di) (8)

2.4.3. Determination of Constraint Conditions. There are two constraint conditions. The first condition
aims to cover the entire sea area with the bands formed by scanning along the survey lines as much as
possible. To simplify model calculations, it is assumed that the first measurement vessel is positioned at
the boundary of the sea area, and the length of the bands formed by scanning along the survey lines is
the sum of the effective overlap widths of all survey lines plus the non-overlapping area of the last

. w. . .
measurement vessel in the sea area. Here s approximated as the length of the non—overlapping area

of the last measurement vessel in the sea area. The mathematical expression is as follows (where w is
the east-west width of the rectangular sea area):

oW
Y+ zo (©)
i=/

The second constraint condition aims to control the overlap rate between adjacent bands to be below
20%, i.e., the minimum overlap rate is 0, and the maximum overlap rate is 20%. Thus:
0 < overlap < 2D tana - 0.2 (10)

2.4.4. Summary of the Optimization Model. The final summary of the survey line selection optimization

model is as follows:
1

?:1 di)

max (;
s.t.2?=1di+¥2w (11)

0 < overlap < 2D tanx 0.2

2.5. Solution of the Survey Line Selection Model

Based on the objective function and constraint conditions mentioned above, a genetic algorithm model
is employed for optimization. The genetic algorithm is a type of optimization algorithm inspired by
evolutionary principles in biology. The genetic algorithm model estimates the number of survey lines in
the layout, and the mean value of d is implemented for this purpose. The minimum value of d is the
product of Wand the minimum non—coverage rate, and the maximum value of d is the product of W
and the maximum non-coverage rate. The mathematical expressions are as follows:

0
Amin = 2Dpin - tan—=- 0.8

? (12)
Amax = 2Dmax - tanE -1

Taking the average of these values as the spacing, the estimated number of survey lines can be
obtained by dividing the east-west width of the sea area by the spacing. Through Python programming,
the estimated number of survey lines is determined to be 37, which is then applied for initializing the
population. Subsequently, the genetic algorithm continuously optimizes the results through operations
such as crossover and mutation. After 500 iterations, the final survey line layout is obtained as shown
below (see Appendix Table 1 for survey line layout coordinates):
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Figure 5. Design of survey lines for multi-beam survey vessel
2.6. Solution of the Undetected Area Model
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Figure 6. Diagram of leakage between adjacent routes

In the optimized survey line configuration described above, the survey lines are oriented in the north-
south direction, and the seawater depth varies at different positions along each survey line. Utilizing the
method of differentiation, each survey line is divided into n points. As n — oo, the overlap rate between
each point and the corresponding point on the adjacent survey line is calculated. When the overlap rate
1 < 0, indicating an undetected region between two survey lines, the length of the undetected region is

d — W, as illustrated in Figure 6. The distance between adjacent points on the same survey line is -

where [ is the length in the north-south direction of the rectangular sea area, and [ = S5SNM. Iterating
through the points with 77 < 0, the number of points where the overlap rate is less than 0 is determined.
The sum of the areas of these undetected small points gives the total area of the undetected sea region.
The formula is expressed as follows (m is the total number of undetected points):

5
s=;;-(d—W) (13)

. . .. . d
Given the constraint condition that the overlap rate exceeds 20%, i.e., 1 — W > 0.2, the number of

points g, where the overlap rate exceeds 0.2 is calculated. The total length is 5q/n nautical miles.

The total length of survey lines = Number of side lines x North-south length of sea area. Using
Python software for calculation, the results are as follows:

(1) The total length of survey lines is 342,640 meters;

(2) The percentage of the undetected sea area to the total area to be surveyed is approximately
32.774%;

(3) In the overlapping region, the length of the part where the overlap rate exceeds 20% is
35,896.33466 meters. Additionally, the percentage of this part to the total length of survey lines is
10.477%. This confirms the accuracy of the established model.
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3. Conclusion

This study successfully applied a genetic algorithm to optimize the layout of multi-beam survey lines,
achieving efficient and accurate measurement of seafloor topography. By establishing a nonlinear
programming model, this paper optimized the layout of survey lines to maximize coverage of the area
to be surveyed while maintaining an overlap rate below 20%. The experimental results demonstrate that
the model can significantly reduce measurement errors (approximately 32.774%) and overlap rates
(approximately 10.477%), confirming the effectiveness and precision of the model. This approach
provides a new means for the field of marine measurements, holding significant importance for
applications in marine scientific research, resource exploration, and environmental monitoring.
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Appendix
Table 1. Survey Line Layout Coordinates
Serial Number Lines Serial Number Lines
1 5.0442 19 3514.618
2 200.0205 20 3709.5943
3 394.9969 21 3904.5707
4 593.27 22 4099.547
5 784.9495 23 4294.5233
6 979.9258 24 4489.4996
7 1174.9021 25 4682.715
8 1369.8785 26 4879.4523
9 1564.6998 27 5074.4286
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Table 1. (continued)

10
11
12
13
14
15
16
17
18
19

1759.8311
1954.8074
2149.7838
2340.8073
2539.7364
2734.7127
2929.689
3124.6654
3324.9456
3514.618

28
29
30
31
32
33
34
35
36
37

5269.4049
5464.3813
5659.3576
5854.3339
6049.5194
6248.4025
6439.2629
6634.2392
6829.2155
7024.1918
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