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Abstract. Hadamard matrices play a key role in the study of algebra and quantum information theory, and
it is an open problem to characterize 6 x 6 Hadamard matrices. In this paper, we investigate the problem in
terms of the Schmidt rank. The primary achievement of this paper lies in establishing a systematic approach
to generate 6 X 6 Hadamard matrices and H-2 reducible matrices through partial transpose. First, if the
Schmidt rank of a Hadamard matrix is at most three, then the partial transpose of the Hadamard matrix is
also a Hadamard matrix. Conversely, if the Schmidt rank is four, then the partial transpose is no longer a
Hadamard matrix. Second, we discuss the relationship between Schmidt rank and H-2 reducible matrices.
We prove Hadamard matrices with Schmidt-rank-one are all H-2 reducible, and prove that some Schmidt-
rank-two matrices are H-2 reducible. Finally, we confirm that the partial transpose of an H-2 reducible
Schmidt-rank-one or two Hadamard matrix remains H-2 reducible.
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1. Introduction
A complex Hadamard matrix is a matrix with entries of equal modulus and orthogonal rows and columns.
Because of its unitary nature, each element takes the form ﬁewik.

Hadamard matrices have extensive applications in various fields, including spectroscopy, error
correction codes, signal processing, and cryptography [1]. The emergence of quantum computing has
further fueled interest in Hadamard matrices, as they facilitate the transformation of ground state bits
into superimposed qubits, which enables high-level parallel computation [2].

Higher-order Hadamard matrices specifically offer the advantage of generating “qudits” with an
increased number of superimposed bases, thus enabling enhanced parallelization. Hadamard matrices
of orders one through five have been completely classified, leaving the order-six matrices as the smallest
unresolved case. Specifically, the study of order-six Hadamard matrices has garnered considerable
attention due to the associated MUB-6 problem, which asks for the maximum number of mutually
unbiased bases in C% [3, 4]. Tt is established that if n = pk where p is prime and £k > 0, n + 1
MUBs can be constructed in C™. Order six remains an intriguing case, because six is the first integer
great than one that is neither prime nor prime power [5].

To approach the MUB-6 problem, we need to progress towards characterizing and generating
order-six Hadamard matrices. This paper explores the potential of Schmidt rank. We investigate the
conditions under which a Hadamard matrix remains a Hadamard matrix after partial transpose. The
Schmidt rank emerges as a valuable criterion for assessing this property [6]. This study concludes
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that the partial transpose of an order-six Hadamard matrix with Schmidt-rank-four cannot yield another
Hadamard matrix. We further explore Schmidt rank’s relationship with H-2 reducible matrix, a class of
parameterized Hadamard matrices. This study establishes that Hadamard matrices with Schmidt-rank-
one are all H-2 reducible, and Schmidt-rank-two matrices are likely to be all H-2 reducible.

2. Preliminaries

In this section, we introduce the fundamental knowledge and facts used in the paper. We define Hadamard
matrices in Sec. 2.1. In Sec. 2.2, we discuss the existence and construction of real Hadamard matrices.
Then, we introduce H-2 reducible matrix as a class of parameterized matrix in 2.3. Next in Sec. 2.4 and
2.5, we respectively introduce the notion of Schmidt rank and partial transpose of a bipartite matrix, so
as to characterize the Hadamard matrices studied in later sections. In Sec. 2.6, we introduce two kinds
of decomposition for unitary matrices, namely the CS decomposition and that for four by four unitary
matrices.

2.1. Hadamard Matrix
A Hadamard matrix is a unitary matrix whose entries have the same modulus.

Lemma 2.1. A matrix complex equivalent to a Hadamard matrix is also a Hadamard matrix.

Set U = PH(Q where P and () are complex permutation matrices and H is a Hadamard matrix.
Since complex permutation matrices are unitary and have entries of modulus 1, U is a unitary matrix
with entries of equal modulus, so U is a Hadamard matrix.

Lemma 2.2. Every complex Hadamard matrix is complex equivalent to the dephased Hadamard matrix.

We write Hadamard matrix U as

U=—1| :+ -~ |. )

We can apply two complex permutation matrices to U to create a Hadamard matrix V with entries —

vn
in the first row and first column.
e—tai1 0 0 eloai—oaz)i .. 0
V= : : Ul. B : ‘ ”
0 e—tom,1 0 0 v elori—an )i

Without loss of generality, we construct Hadamard Matrices by starting with the dephased Hadamard
matrix. All other Hadamard Matrices can be derived through complex equivalence.

2.2. Existence of Real Hadamard Matrices
1 x 1 and 2 x 2 real Hadamard matrices exist.

H =[1], 3)

1 (1 1
)
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Sylvester’s construction Hadamard matrix of order nm can be constructed through

where H,, and H,, are Hadamard matrices of order n and m respectively.
To prove this construction we can use the properties of Kronecker product.

(Hn m)(Hn®H )f
=(Hy @ Hp)(HY @ HY)
=(H, HT ® Hp,H}) (©6)
=(In ® Ipm)
:(Inm)

We can construct all Hy, with Hy with Sylvester’s construction.

Lemma 2.3. Hadamard matrices of odd dimension cannot be real.

Proof. The real Hadamard matrix exist if we can find rows whose entries add up to zero. An odd number
of elements, every one of which are either —1 or 1, cannot add up to zero, so odd dimensional Hadamard
matrices do not exist. ]

Lemma 2.4. Besides Hy and Hs, all real Hadamard matrices have dimension of multiple of 4.

Proof. As every Hadamard matrices can be derived through equivalence (a special case of complex
equivalence), if the dephased real Hadamard matrix does not exist, then there is no real Hadamard matrix
for the dimension.

To make the rows orthonormal, every row (except the first row) in such matrix of dimension n should
contain 5 ones and 7 negative ones. Let a and b be distinct row indices such that a,b # 1 in a given
matrix H. Let r be the number of columns % for which H, ; = Hyj = 1. Then, it follows that there
are also r columns k where H, ) = Hpj = —1. The dot product of row a and row b can then be

mathematically expressed as:
r(1? 4+ r(~1)2 + (n—2r)(~1) = 4r — n.= 0. )
So we conclude that n has to be the multiple of 4. O

Yet, it is still unsolved whether there is a real Hadamard matrix for every dimension of multiple of 4.
This is known as the Hadamard Conjecture, which is still open today.

2.3. H-2 Reducible Matrix

If there exist a order 2 Hadamard submatrix [Z” Zlk] in a order 6 Hadamard matrix H, such that
iy Nk

1<14,7 <,k <6,then H is a H-2 reducible Hadamard matrix [7].

Lemma 2.5. H-2 reducible 6 x 6 Hadamard matrices can be fully characterized under a three-
parameter family [8].
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2.4. Schmidt Rank
Separate a m X m matrix in to k2 n x n matrices such that kn = m. For example, a 6 x 6 matrix can be
separated into four 3 x 3 matrices. As shown below, Ug is separated into the 3 x 3 matrices A, B, C, D.
A B
Us = [ C D} . ®)

The Schmidt rank of a matrix is defined as the number of linearly independent matrices between the
separated small matrices. For example, it ABC' D are all linearly independent, then the Schmidt rank of
Us is four.

Consider if Ug is separated into nine 2 X 2 matrices, the maximum Schmidt rank is 4, as there can be
only at maximum four linearly independent 2 x 2 matrices.

Lemma 2.6. If A, B,C, and D are invertible matrices, Sr((A® B)H(C ® D)) = Sr(H) for any matrix
H.

Proof. Let K = (A® B)H(C ® D).
Matrix H can be written as

1
_ Nl . _ [ Moo Mo
=3 Il = [y 3], ©)
4,7=0
and
1
K =(A®B)H(C®D)= ) (A(li) (i)C) ® (BM;;D), (10)
i,j=0
which decompose the four blocks of K as a linear combination of M; ;. Thus, Sr(K) < Sr(H).
As A,B,C, and D are reversible,
H=(A"'9B HK(C e D™). (1)
By the same token, Sr(H) < Sr(K), so Sr(H) = Sr(K). O

2.5. Partial Transpose
Partial transpose of a matrix takes only the transpose of blocks and leaves the rest unchanged. The partial
transpose operator is defined as follow:

H' =T, I, (12)

Applying partial transpose to 6 x 6 Hadamard matrix Ug, where a = 2 b = 3, we get

A B
UGZ[C D}, (13
vt =[§ g] (14)

where A, B, C, and D are three by three blocks.

259



Proceedings of the 3rd International Conference on Computing Innovation and Applied Physics
DOI: 10.54254/2753-8818/34/20241113

2.6. Unitary Matrix Decomposition
We begin by introducing the so-called CS-decomposition.

Lemma 2.7. Let N be an even integer. Every N x N unitary matrix U can be decomposed as
_|Lo 0| |D. —Ds| |Ro O
U—[o LJ [DS DCHO Ry (15)
Lo, L1, Ro and Ry are (N/2) x (N/2) unitary matrices. D. and Dy are diagonal matrices such that

D, = diag(cos ¢1,cos ¢a, -+, o8 Pn/2),

16
D = diag(sin ¢1,sin ¢o, - -+, sin gy z). 1o
where 0 < ¢1 < ¢ < --- < ¢y < 5. O
Next, we introduce a canonical decomposition for 4 x 4 unitary matrices [9].
Lemma 2.8. Any 4 x 4 unitary matrix W can be decomposed as
W = (Ua®Up)U(Va® Vp), (17)
where Uy, Up, V4 and Vg are 2 X 2 unitary matrices, and
co + c3 0 0 Cl — C2
. 0 co—cCc3 c1+ceo 0
v= 0 c1+c cp—cs3 0 ’ (18)
Cc1 — C2 0 0 co + c3
where the coefficients are
Co = COS X COS Y CoS z + isin x sin y sin z, (19)
€] = cosxsinysin z + isin x cos y cos z, (20)
Cco = sinx cosysin z + icos x sin y cos z, 21D
c3 = sinx siny cos z + icosx cos y sin z, (22)
and x, y, and z are on the interval [—7, 7. O

3. 6 x 6 Complex Hadamard matrix

It was proven that for dimension one to five, there exist a family of dephased Hadamard matrices to which

all Hadamard matrices of the same dimension are complex equivalent to. [S] However, for dimension six,

the first natural number that is neither prime nor prime power, such dephased matrix is not discovered.
If the Schmidt rank of a 6 x 6 Hadamard Matrix is 1, 2, or 3, the partial transpose is still a Hadamard

matrix as follows.

A B] P P
H= [0 D] —(UaV) [Fg FJ (W & X), (23)
H =wTeV) {% ?ﬂ U7 @ X). (24)

The above decomposition holds due to the fact that every qubit-qutrit unitary matrix of Schmidt rank
at most three is a controlled unitary matrix [10].
In this section, we present the following result. This is also the main contribution of this paper.

Theorem 3.1. The partial transpose of a 6 x 6 Hadamard matrix of Schmidt rank four is not a Hadamard
matrix.

260



Proceedings of the 3rd International Conference on Computing Innovation and Applied Physics
DOI: 10.54254/2753-8818/34/20241113

To study the conjecture, we consider a 6 x 6 Hadamard matrix Hg and its partial transpose K¢ as
follows.

A B
Hy = [C D] : (25)
T T
i AT C
A C
Kg = Hg = [B D], @7
AT Bt
Kg = [(7T l)T]' (28)
By definition of Hadamard matrix,
i+ . [AAT+BBY ACT+ BD?
HoHg = 1o = [CAT + DB CCt4 DD 29)
t . [AAT+cCCt AB'+CD!
Hoflo = lo = LBAT +DC' BB+ DDT|’ G0
The 5 conditions we can conclude are
(AAT + BBT = I,
AAY = DDT,
BB = ccf, (31)
ACt+ BD' =0,
AB'+CD' =0.

Another crucial condition is every element of the matrices A, B, C', and D have modulus of %. Also
note ABCD are linearly independent.

Proof of Theorem 3.1 We can rewrite a Hadamard matrix with CS Decomposition (2.7).

(32)

i _[A B _[LiDeRy —LoDsRy
“|c D| T |LiDsRy LiD.R; |-

By equation (31), we can derive the following equations if H remains a Hadamard matrix after partial
transpose.
AA' + BB' = LyD.D.L} + LoDy D, L},

AA' = LyD.D.L} = L,D.D.L} = DD,
BB' = LyD,D,L} = L,D,D,L} = CCH, (33)
AC' + BD' = LyD.D,L} — LoD .D,L} = 0,
AB' + CD' = —LyD.RyRI DL} + L1 D,RyRI D.L} = 0.
From AAT = DDT, we can derive

LoD.D.L} = L1D.D,L,

(34)
LiLyD? = DL} L.

We write D, = diag(cos ¢, cos ¢1, cos ¢2). We analyze by 4 cases.
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3.1. Case I: ¢pg < P1 < ¢pa.
As D, is diagonal, we can see LILO is also diagonal such that

e 0 0
Loy=10 e 0 |=r,
1 0 0 et (35
Lo = L1 Fp.

Then similarly from AT A = DD, we can derive Ry = F1R; where F7 is also a diagonal matrix. We
can rewrite the Hadamard matrix as

H

_ [LiFyD.F1 Ry —LlFoDsRl] B [Ll 0} [FODCFl FODS} {Rl 0] (36)

| LiDsFi Ry LiFyD.Ry | |0 L DgFy D, 0 R

By Lemma (2.6) the Schmidt rank of H is same as the matrix in the middle. As the four blocks in
the middle matrix are all diagonal matrices, the Schmidt rank of this case is at most 3, which satisfy
statement (3.1).

3.2. Case 2: ¢g = ¢1 < ¢o.
In this case, we can derive from AAT = DDT that

G 0
Lo = LGy =Ly [ 6)0 iﬁoo] ; 37)

where G represents a two by two block. Similarly, we can derive from ATA = DD that

G111 0

Ry = G1R, = |: 0 £11

} R, (38)

where (1] represents a two by two block.
Then we rewrite the Hadamard matrix as

i _ [[1GoDGiRy —LiGoD,Ry] _ [Li 0] [GoDeGy =GoDJ] [Ry 0 39)
| LiD,G1R; LiD. Ry |0 Ly DG4 D, 0 Ry|’
By Lemma (2.6), the rank of H is equal to the matrix in the middle.
Name the middle matrix K. This matrix is unitary and can be written in the form
Ko 0 Ki 0
10 me 0 my
K= Ky 0 Kz 0]’ (40
0 mo 0 ms
where K, K1, K2,and K3 are all two by two blocks.
As K is unitary, the following 4 x 4 matrix W is also unitary.
| Ko K
W = [ jre K3] . 41
By Lemma (2.8), W can be decomposed as
W =(Ua®Up)U(Va® Vp), (42)
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where Uy, Up, V4 and V are 2 x 2 unitary matrices. By Lemma (2.6), Sr(WW') = Sr(U), so we then
investigate the rank of U.

co+c3 0 0 C1 —C2
. 0 cop—C3 C1+C2 0
U= 0 c1+cp cop—cC3 0 43)
C1 — C2 0 0 co + c3
The partial transpose of U is
co+ C3 0 0 1+ c2
r 0 Chp—C3 C1 —C2 0
U= 0 Cl —Cy Cy—C3 0 (44)
c1+ e 0 0 co+c3

Both U and its U should be unitary, which means they need to satisfy: First, the square of the
modulus of each entry in a row or column sums to one; Second, Every pair of rows and columns are
orthogonal.

By property 1, we can see from the first column of U and U" that

lco + es? 4 Je1 + c2)® = |co + e3> + |er — e2* = 1,
(c1+e2)(c] +¢3) = (e1 — e2)(e] — ), (45)
c1¢5 + cacy = 0.

Similarly, we can derive from first column of U and second column of U

(co +c3)(co + ¢3) = (co — e3)(cp = c3);
. ’ (46)
CoCs + C3Cy = 0.
Then by Property 2, we can derive

(co + e3)(c] — cax) + (c1 — e2)(cy + ¢5) =0, 47)
(co +e3)(c] + cax) + (1 + e2)(cy + ¢5) =0, (48)
(co — c3)(c] — cax) + (1 — c2) (¢ — ¢5) = 0, (49)
(co —c3)(c] + cax) + (c1 + ¢e2)(chg—c3) =0 (50)

From the above four equations, we can derive the following.
(co+ c3)el + cr(ey+c3) =0, (51)
(co + e3)ch + ca(cp + c3) =0, (52)
(co —c3)c] +ci(cy—c3) =0, (53)
(co — c3)ch + ca(cy —c3) = 0. (54)

We consider two subcases.

o
Subcase 1 : det( [c}‘ . ) # 0.
2 2

Neither ¢; nor ¢ is zero. From (51) and (53), we conclude ¢ = ¢3 = 0, so Sr(U) = Sr(W) < 2.
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Subcase 2 : det( [2’1‘ .
2 2

We first assume c; is zero. From (20), we conclude x must be zero and one of y and z must be zero.
Thus, either ¢3 or ¢3 is zero, so Sr(U) = Sr(W) < 2. We then assume ¢ is zero. From (21), we conclude
y must be zero and one of x and z must be zero. Thus, either ¢; or ¢z is zero, so Sr(U) = Sr(W) < 2.

Since we have showed that the maximum rank of W is 2 such that K; € span{L, M} , Sr(K) =

i< i@ <ol 18 04

In conclusion, statement (3.1) is true for Case 2 (¢g = ¢1 < ¢2) because the maximum Schmidt rank is
three.

3.3. Case 3: ¢pg < ¢p1 = ¢o.
. m; 0 0 0 0 0 1
= < J
Case 3 is analogous to Case 2. Sr(K) = Sr(H) < 3 as [ 0 Kj] € span{ [0 o M] , [0
Statement (3.1) is true for Case 3 (¢g < ¢1 = ¢2) because the maximum Schmidt rank is three.

o O
[ —
%v—‘

3.4. Case 4: ¢g = ¢1 = ¢o.
From the last equation of (33), we have

LoD.RoR|D,L} = LiD,RyRI DL,
LoRoR{Ly = L RyRI Ly, (55)
(L§L1)(RoR)(LoL}) = RoR}.
Setting X = L{L; and Y = RoR!, we have

Xyxt=y,
(56)
XY =YX.
Two commutative unitary matrices are simultaneously diagonalizable, so
LiL, = PDy P,
o1 0 (57)
Ly = LoPDyPT,
RyR! = PD, P!,
0411 1 (58)
Ro= PD,P'R;.
Substitute equation (57) and (58) into (32),
o - [ LoD.PDP'R; —LoDsR,y
"~ |LoPDyPTDsPD1P'R; LoPDyP'D.R;
Lo 0] cos(p)PD1PT  —sin(¢)PPT| [Ry 0 (59)
T |0 Lo| [sin(¢)PDoD1 Pt cos(¢p)PDoPT| [ 0 R

(Lo O01[P 0][ cos(¢)D1  —sin(¢p)I| [PT 0] [R: O

|0 Lo| [0 P |sin(¢)DoDy cos(¢)Do| |0 PF [0 Ryl

By Lemma (2.6), the Schmidt rank of H is equal to the Schmidt rank of the matrix in the middle.
As the middle matrix is diagonal, its maximum Schmidt rank is 3. Thus, statement (3.1) is true for case
4. o

The above proof does not rely on the modulus of entries in the Hadamard matrices, so we can extend
Theorem (3.1) to all 6 x 6 unitary matrices and propose the following theorem.
Theorem 3.2. The partial transpose of a 6 X 6 unitary matrix of Schmidt-rank four is not a unitary
matrix.
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4. H-2 Reducible 6 x 6 Hadamard Matrix
4.1. Schmidt-rank-one
Lemma 4.1. Every 6 x 6 Hadamard with Schmidt-rank-one is H-2 reducible.

Proof. The 6 x 6 Hadamard matrix with Schmidt-rank-one can be decomposed as

1 1 1 R
H6:7(P1 [1 _J QO (P |l w w?|Q), (60)
6 1 w? w
. . . hi’j hi+3’j .
where Pj, P», 1, and ()2 are complex permutation matrices. The submatrix with
hij+s  hitsj+s

1 <14,75 < 3is always an order 2 Hadamard matrix, making Hg H-2 reducible.

4.2. Schmidt-rank-two
Any Schmidt-rank-two order six Hadamard matrix can be written as

(o s v = [ e Non] [0 0] [[5] B2en] o

(cosacos )V + (sinasin f)W  (cosasin )V — (sin acos B)W

By (e 8,7, V, W) = [(sinacosﬁ)v — (cosasin )W (sinasinf)V + (cosacosB)W] » (62)

where V' = [vj;] and W = [w)y;] are linearly independent order-three unitary matrices and

a

Q76€[0,4,Ck+/82%,’)/€[0,27r)7 (63)

3(vijwjy, + vji * wji)

cos 2a.cos 23 + 5 sin 2a:sin 28 = 0, (64)
ojil + |wji|* = 2/3, (65)
1
(\Ujk\z - §) cos2a = 0, (66)
5 1
(lvjkl” = g) cos28 = 0. (67)

Hence we have two cases. (4.2.1) If (o, 3) # (7§, 7). then V and W are both Hadamard matrices, and
[ojil* = Jwjel* = 1/3. @22 If (a, 8) = (F, §). then vjwji + vjpwy, = 0, fogul* + |wjel* = 2/3,
and V and W are order three unitary matrices [11].

4.2.1. Case 1: (o, B) # (§,%) Taking the upper left entry of every block, we obtain the two by two

submatrix
cosacos BVi1 +sinasin BWy1  cos asin V41 — sina cos W1y

sin «cos SVi1 — cosasin W11 sinasin fVi1 + cosacos fWqq |’ (68)
where V1, and Wy, are the upper left entry of V' and W respectively.
We can see that this matrix has orthogonal rows and columns as
(cos arcos BV + sin acsin FW7y ) (sin acos BV7 ] — cos acsin SWT)
+ (cos asin V1 — sin v cos W11 ) (sin acsin V7 + cos a cos BWT) 9

= cosasina(|Vi1]? — [Wi1]?)
=0.

Thus, this case of Schmidt-rank-two six by six Hadamard matrix are all H-2 reducible.
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4.2.2. Case 2: (o, B) = (%, %)

Lemma 4.2. If at least one pair of corresponding entries v, and wjj, have the same modulus, then the
Schmidt-rank-two six by six Hadamard matrix is H-2 reducible.

Vjk T Wik Vjk — Wik

Proof. We consider the submatrix
Vjk — Wik Ujk + Wik

. The dot product of the two rows is

(Vi + wik) (V] — wikx) + (Vi — wik) (Vi + wik+)
:2vjkv;k - 2wjkw;k (70)
2 2
=2(lvj|” — |wjk[%).

Thus, if the at least one pair of corresponding entries of V' and W have the same modulus, the
Schmidt-rank-two six by six Hadamard matrix is H-2 reducible . 0

Since the sum of square of modulus of corresponding elements in V' and W is %, and the phase angle
differ by 5, we can parameterize V' and W as

cosoqoelﬂlo cosoznelﬂ“ cosalgeiﬁu’ , 71

5 |cos app€e™P0  cos ag1ePor cos aggetPo2
V= \/7
cos agoelﬂz’o oS g1 €21 cos quggetP22

and
oo Sin ape™0 ¢y sin ag1eP01 ¢pg sin aaePo2

W =4/= |cipsin aloe’?lo €11 sin allefﬁll c12 sin alge’?m , (72)
C20 sin 042061520 Co1 sin aglew?l C29 sin Oé2261522

where ¢;; = 1.
By the orthogonality of columns in V' and W, we know

cos agp cos gy e (P17500) 4 o vy cos agetPr1=A10)
—+ cos aigg cos aglei(ﬁﬂ_ﬂm) =0 (73)
and
i(Bo1—PBoo) i(f11—P10)

Cp0Co1 Sin o sin a1 e + cipc11 sin g sin e

+ c90ca1 Sin avgg Sin aglei(@rﬁ?o) =0. (74)

From the above two equations, we can deduce the following vectors are orthogonal to each other:

—sin a0 sin a1 _COS Qo COS 0101_ _COS(ﬁQO — ﬁ()l) _000601 Sin(ﬁoo — ,801)_
sinajgsinai |, [cosajgcosarr| L |cos(Bio — Si1)| s |crocirsin(Bio — Bi1) | (75)
_sin 90 sin 0421_ _COS Qo COS 0121_ _COS(BQO — ﬁgl)_ _020021 Sin(ﬁgo — ,821)_
[sin aigp sinaga | [ cos aigo cos aps | [cos(Boo — Bo2)]  [coocoz sin(Boo — Bo2) |
sinaggsinaga |, [cosaggcosana| L [cos(Bio — Bi2) | , |crocizsin(Bio — fi2) | , (76)
| sin aigg sin gz | | cos azp cos uag | | cos(Ba0 — B22) | | c20c22 sin(B20 — B22) |
—sin o1 sin Oéog_ _COS Q1 COS 0102_ _COS(ﬁ(n — ﬁog)_ _001602 Sin(ﬁ(n — ,802)_
sinagysinaga |, [cosagicosara| L [cos(Bi1 — Bi2) | , |cricizsin(Bir — Bi2) | - (77)
_sin 921 sin 0422_ _COS Q91 COS 0122_ _cos(ﬁgl — ﬁgz)_ _021622 Sin(ﬁgl — ,822)_
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Linearly Independent If the two vectors on the right of (75), (76), and (77) are linearly independent,
then the vectors on the left are linearly dependent such that

tan agg tan ag; = tan ajg tan a1 = tan agg tan aiq,
tan agg tan age = tan o tan as = tan asg tan amo, (78)

tan g tan age = tan aqq tan ajo = tan aigg tan aes.
By multiplying the three equations together and dividing the product by each equation, we get that

tan agg = tan ayg = tan asyg,
tan g = tan aq; = tan asq, (79)

tan age = tan a2 = tan ass.

Since o € (0, §), the angles o, and thus the modulus of entries in the same column are also the same.
We can further claim that matrices V' and W are Hadamard matrices in this case, as every entry has the
same modulus. By lemma (4.2), the Schmidt-rank-two six by six Hadamard matrix is H-2 reducible if
the vectors on the right hand side of (75), (76), and (77) are linearly independent.

Linearly Dependent We attempted to solve this case through numerical computation on computer. First,
we use Scipy library’s unitary_group.rvs (3) function to generate 3 by 3 unitary matrix V. We
then obtain the modulus of matrix W with the condition \vjkIQ + |wjk]2 = 2/3 (regenerate V' if some

of its entries’ modulus already exceed \/g). Next, we then assign entries in W with the phase angle of

corresponding entry in V, either add or subtract T, which results in 2? possible cases of W for each V.
Finally, we check if the obtained W matrices are unitary and if the six by six Hadamard matrix is H-2
reducible.

However, after iteration over 100,000 generated V' matrices, we were not be able to find any W that
is unitary. Based on this result, we guess non-Hadamard unitary V' and W does not exist.

4.3. H-2 Reducible Matrix and Partial Transpose
Schmidt rank again emerged as a useful indicator for whether the partial transpose of six by six H-2
reducible matrices remain H-2 reducible.

Theorem 4.3. An H-2 reducible Schmidt-rank-one/two six by six Hadamard matrix remains H-2
reducible after partial transpose.

Proof. By lemma (4.1), all Schmidt-rank-one are H-2 reducible because the submatrix
{ hij — hits;
hijrs hiysj+s

switches the position of the lower left and upper right entry of the submatrix, which would remain
Hadamard.

The same two by two submatrix of case one (a, 3) # (7, §) Schmidt-rank-two is also Hadamard, so
this case also remains H-2 reducible after partial transpose.

The six by six Hadamard matrix in Schmidt-rank-two case two (a, 3) = (7, ) has the same lower
left and upper right block, so the entire matrix remain unchanged after partial transpose. Thus, this case
will also remain H-2 reducible after partial transpose. O

} with 1 < 4,57 < 3 is always an order 2 Hadamard matrix. The partial transpose
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5. Conclusions

In the first part of the study, we thoroughly investigated the impact of partial transposition on the
properties of Hadamard matrices. We discovered the significance of the Schmidt rank as a key
determinant of the effect of partial transposition on a Hadamard matrix. Our analysis revealed that
for Hadamard matrices whose Schmidt rank is less than four, the resultant matrix following a partial
transpose remains a Hadamard matrix. However, as proven in Theorem 3.1, a Hadamard matrix with
Schmidt-rank-four no longer remains a Hadamard matrix after partial transpose.

This particular transformation is primarily due to the fact that any matrix with a Schmidt rank less
than four can be factored out of a Hadamard matrix with a Schmidt rank of four. This pivotal discovery
indicates a direct correlation between the Schmidt rank of a Hadamard matrix and partial transposition, a
relationship that has potential for further exploration and may yield additional insights into the properties
of Hadamard matrices and MUBs.

In the second part of the study, we explored the relationship between Schmidt rank and H-2
Reducibleness. Schmidt-rank-one matrices are all H-2 reducible. We failed to show one case of Schmidt-
rank-two matrices are H-2 reducible, but the subsequent computer numerical analysis implied such case
is rare (none found in 100,000 iterations). At the end, we further proved that the partial transpose of a
H-2 reducible six by six Hadamard matrix with Schmidt rank less than three remains H-2 reducible.
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