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Abstract. The Markov Chain Monte Carlo method has been applied in several fields and has 

thrived in academic research over the past few decades. The method is utilized to estimate the 

interest parameter’s posterior distribution through random sampling in the probability space. 

Monte Carlo method alone can accomplish random simulations for some complicated continuous 

integrals or discrete summations. However, the method requires the sample set corresponding to 

the distribution, which demands the application of Markov chain. Nevertheless, problems occur 

when the probability function of the samples remain unknown, under which circumstance the 

Markov Chain Monte Carlo method is no longer available. Therefore, the article introduced 

Metropolis-Hastings Algorithm as a resolution. The paper is intended to provide specific insights 

about Metropolis-Hastings Algorithm for Markov Chain Monte Carlo and the corresponding 

interdisciplinary applications. Specifically, the paper will discuss about using the theory 

mentioned above to check the relationships among species in a common ecosystem. The paper 

will cover several prepositive theories, including the Law of Large Numbers for Markov Chains, 

binary sequences, and Metropolis-Hastings Algorithm. Overall, specific cases and the way to 

draw correct conclusions will be most concerned. 

Keywords: Markov chain Monte Carlo; Metropolis-Hastings algorithm; Co-occurrence matrix; 

Stationary distribution. 

1.  Introduction 

The Monte Carlo method was announced in the 1940s when the Manhattan Project took place. The brief 

idea of the method is stated as to collect many samples from the target distribution and analyze the 

properties of the distribution accordingly. The theory is supported by Law of Large Numbers, which 

suggests sample means converge to the expectation abiding by the distributions. To introduce it more 

specifically, assume that it is required to calculate the size of a specific graph of which the function is 

not accessible, one can put some points on the graph and make them randomly scattered. In this way, 

the points in the graph to the points out of the graph ratio is accessible. The theory needs an assumption 

that the point is equally distributed in the domain to hold. In the case the assumption fails, one can 

calculate the probability distribution function of the points in the domain, in order to draw a new function 

replacing the original distribution function, in which way the Monte Caro Method is applied [1]. 

The Markov chain serves to draw sample sets of distributions for Monte Carlo method. A sample set 

of a stationary distribution can be obtained through its corresponding state-transition matrix. For 

instance, firstly, people can generate sample based on an initial distribution such as Gaussian distribution 

𝜋0(𝑥)  and acquire the status value 𝑥0 , then create sample according to conditional probability 
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distribution 𝑃(𝑥|𝑥0) and get 𝑥1. When the process is driven sufficient times, the set can be recognized 

as the correspondence sample set for the stationary distribution, which is qualified for Monte Carlo 

summation. Nevertheless, it is notable that Markov Chain Monte Carlo method fails when the 

probability density function is not accessible, which requires Metropolis-Hastings Algorithm.  

The article is intended to briefly expound on the Markov chain Monte Carlo its related algorithms, 

and will further demonstrate the method using an interdisciplinary example “Darwin’s finch”. The rest 

of this work is organized as follows. In Section 2, the author introduces Markov chain Monte Carlo. In 

Section 3, the author will focus on the Metropolis-Hastings Algorithm. In Section 4, an example 

applying Markov Chain Monte Carlo method and Metropolis-Hastings algorithm is expounded. The last 

Section is devoted to the conclusion. 

2.  Markov chain Monte Carlo 

Markov Chain Monte Carlo is an algorithm simulating baffling distributions through Markov sequences. 

The algorithm constructs a Markov Chain with limiting distribution in agreement with the expectation. 

Then, the process is repeated for enough times to converge to the limiting distribution mentioned above, 

from which the result of the Markov sequence is generated as a sample set in the end. The part intends 

to focus on Markov Chain Monte Carlo sampling.   

2.1.  Law of large numbers 

If 𝑋1, 𝑋2... is an independent identically distributed sequence sharing the mean 𝜇 < ∞, then the law 

suggests that with probability 1, 

lim
𝑛→∞

(
1

𝑛
∑𝑋𝑖

𝑛

𝑖=1

) = 𝜇. (1) 

Similarly, one shall order that 𝑋 is a random variable bearing identical distribution as above and 

assume that 𝑓(𝑋) is a real function with boundaries. Under this circumstance, 𝑓(𝑋1), 𝑓(𝑋2)... is also an 

independent identically distributed sequence with probability 1, 

lim
𝑛→∞

(
1

𝑛
∑𝑓(𝑋𝑖)

𝑛

𝑖=1

) = 𝐸(𝑓(𝑋)) . (2) 

Order that 𝑋0, 𝑋1... is a Markov chain with stationary distribution 𝝅 (where 𝑋 is a random variable) 

and assume that assume that 𝑓(𝑋) is a real function with boundaries. In this case, with probability 1, 

lim
𝑛→∞

(
1

𝑛
∑𝑟(𝑋𝑖)

𝑛

𝑖=1

) = 𝐸(𝑟(𝑋)) =∑ 𝑟(𝑖)𝜋𝑖.
𝑖

(3) 

The significance of the theorem is that despite a random variable sequence {𝑋𝑛} does not follow the 

independent identical distribution, if it is a Markov chain, the Law of Large Numbers holds.  

2.2.  Rejection sampling method 

When utilizing the Rejection Sampling Method to sample from a distribution whose probability density 

function is 𝑓(𝑥), it is required to obtain an available distribution 𝑔(𝑥) and a constant 𝑐 which satisfies 

that 𝑓(𝑥) 𝑔(𝑥)⁄ ≤ 𝑐 for each 𝑋. The loop will be shown as follow. First, access a sample 𝑋𝑖from 𝑔(𝑥); 
Second, generate a random number 𝑢𝑖 from the uniform distribution 𝑈(0,1). Third, judge that whether 

𝑢𝑖 ≤ 𝑓(𝑥𝑖) 𝑐𝑔(𝑥𝑖)⁄  holds. If it holds, the sampling succeeds, otherwise fails, then repeat the loop [2].  

To prove the feasibility of the sampling measure above, which is equivalent to the sample drawn by 

the method obeys 𝑓(𝑥) , the author shall prove that 𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥|𝑈 ≤ 𝑓(𝑥) 𝑐𝑔(𝑥)⁄ ) , where 

𝐹(𝑥), 𝐺(𝑥) refers to the cumulative distribution function of 𝑓(𝑋), 𝑔(𝑋), given that 𝑥~𝑔(𝑥). According 

to Bayes formula 
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𝑝(𝐴|𝐵) = 𝑝(𝐴)𝑝(𝐵|𝐴) 𝑝(𝐵)⁄ , (4) 

the RHS equals to 

𝑅𝐻𝑆 = 𝑝(𝑋 ≤ 𝑥)𝑝 (𝑈 ≤
𝑓(𝑋)
𝑐𝑔(𝑋)

|𝑋 ≤ 𝑥) 𝑝⁄ (𝑈 ≤
𝑓(𝑋)

𝑐𝑔(𝑋)
) . (5) 

According to complete probability formula,  𝑝 (𝑈 ≤
𝑓(𝑋)

𝑐𝑔(𝑋)
) = ∫𝑝(𝑋 = 𝑥)𝑝 (𝑈 ≤

𝑓(𝑋)

𝑐𝑔(𝑋)
|𝑋 = 𝑥)𝑑𝑥. 

Since 𝑥  is sampled from 𝑔 , the author claims that 𝑝(𝑋 = 𝑥) = 𝑔(𝑥). In this case, the conditional 

probability for successful sampling is 𝑝 (𝑈 ≤
𝑓(𝑋)

𝑐𝑔(𝑋)
|𝑋 = 𝑥) =

𝑓(𝑋)

𝑐𝑔(𝑋)
, from which people obtain 

𝑝 (𝑈 ≤
𝑓(𝑋)

𝑐𝑔(𝑋)
) = ∫𝑝(𝑋 = 𝑥)𝑝 (𝑈 ≤

𝑓(𝑋)
𝑐𝑔(𝑋)

|𝑋 = 𝑥) 𝑑𝑥 = ∫
𝑓(𝑥)

𝑐𝑔(𝑥)
𝑔(𝑥)𝑑𝑥 =

1

𝑐
. (6) 

For 𝑝(𝑋 ≤ 𝑥), since it is clear that 𝑥~𝑔(𝑥), so that one has 𝑝(𝑋 ≤ 𝑥) = 𝐺(𝑥). Eventually, utilizing 

the conditional probability formula, one has 

𝑝 (𝑈 ≤
𝑓(𝑋)
𝑐𝑔(𝑋)

|𝑋 ≤ 𝑥) = 𝑝(𝑈 ≤
𝑓(𝑋)

𝑐𝑔(𝑋)
, 𝑋 ≤ 𝑥) 𝑝(𝑋 ≤ 𝑥)⁄ = 𝑝(𝑈 ≤

𝑓(𝑋)

𝑐𝑔(𝑋)
, 𝑋 ≤ 𝑥) 𝐺(𝑥)⁄ . (7) 

Proceed the calculation, it is found that 

𝑝 = ∫
𝑝 (𝑈 ≤

𝑓(𝑡)
𝑐𝑔(𝑡)

|𝑋 = 𝑡 ≤ 𝑥)

𝐺(𝑥)
𝑔(𝑡)𝑑𝑡

𝑥

−∞
=

1

𝐺(𝑥)
∫

𝑓(𝑡)

𝑐𝑔(𝑡)

𝑥

−∞
𝑔(𝑡)𝑑𝑡 =

1

𝑐𝐺(𝑡)
𝐹(𝑡).     (8) 

Combining the results of Eq. (6), (7) and (8), the author acquires that 𝑅𝐻𝑆 = 𝐿𝐻𝑆, such that the 

feasibility is proved.  

2.3.  An example demonstrating the advantage of Markov chain Monte Carlo 

Given a sequence 𝑥 consists of 0s and 1s with length 𝑙, where 𝑓(𝑥) is a function generated to indicate 

the number of 1s in the whole sequence. Grant the feasibility to obtain the uniformly random sequence 

𝑥 with no two 1s adjacent. Repeat the process and generate such independent sequences 𝑋1, 𝑋2... 𝑋𝑛. 

According to the Monte Carlo method, the estimation is as follow 

𝜇 ≈
∑ 𝑟(𝑋𝑖)
𝑛
1

𝑛
. (9) 

A way based on the rejection method alone, without Markov chain, is generating the sequence 

containing elements 0 and 1 randomly. If the resulting sequence satisfies the demand, it is accepted, 

otherwise denied and the process is repeated. However, this method doesn’t function practically. The 

acceptance of the sequences is dreadfully low. By using the Markov chain Monte Carlo method, one 

can launch a Markov chain {𝑋𝑖} with the uniformly limiting distribution on the accepted sequences, of 

which the state space refers to the set of acceptance among all sequences. Under these circumstances, 

one will generate the Markov chain, whose estimate for the expectation is as follow 

𝜇 ≈
∑ 𝑟( 𝑌𝑖  )
𝑛
1

𝑛
. (10) 

For further explanations, the Markov process can be made manifest on a graph, whose vertices refer 

to the sequences accepted and edges refer to one step of progress of the chain. The process is expounded 

below. Randomly pick one of the 𝑙 elements from an accepted sequence. If the element is 1, then switch 

it into 0, such that the value of 𝑓(𝑥) declines, which indicates the acceptance of the resultant sample set. 

After that, proceed the process. Otherwise, if the element is 0, turn it into 1only for accepted 
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consequences, after which the process continues. Nevertheless, if the new 1 result in adjacent 1s, which 

refer to the denied situation, pause the process [3].  

To forge a uniform distribution, people can assign weights to the edges (including the loops of the 

sequences). Edges between the adjacent sequences, which need only one step to transfer to one another, 

are assigned with weight 1. In this case, all vertices weigh equivalently. In this case, the embryonic form 

of uniform distribution is forged. The graph for sequence 𝑥 of which 𝑙 = 4 is shown in Figure 1. 

  

Figure 1. The weight graph of the walk [2].  

3.  Metropolis-Hasting algorithm 

It is notable that the Markov Chain Monte Carlo method algorithm works only when the probability 

density function 𝑝(𝑥) is accessible. However, in most conjugate prior distributions, people cannot 

calculate the posterior distribution due to the barrier of solving the value of normalized constant 𝑐 (𝑐 =
∫𝑝(𝑋|𝑥)𝑝(𝑥)𝑑𝑥). Therefore, Metropolis-Hasting Algorithm is necessary.  

To give an example, set up a truncated normal distribution as the prior distribution with domain 𝜃 ∈
[0,1], average value 𝜇 = 1 2⁄ ,  the author obtains the posterior distribution 

𝑝(𝜃|𝑥) =

𝜃𝑥(1 − 𝜃)𝑥 ·
𝑐

√2𝜋𝜎
𝑒
−(
1−𝜃
2
)
2

2𝜎2⁄

∫ 𝜃𝑥(1 − 𝜃)𝑥 ·
𝑐

√2𝜋𝜎
𝑒
−(
1−𝜃
2
)
2

2𝜎2⁄
𝑑𝜃

1

0

. (11) 

In this distribution, people are not able to solve the denominator of the fraction, however, the problem 

might be avoided through special methods. The author shall select two random values 𝜃𝑖 and 𝜃𝑗, then 

calculate the relative density of the two probabilities in order to eliminate the 𝑐 . The posterior 

distribution formula 

𝑝(𝜃|𝑥) =
𝑝(𝑥|𝜃)𝑝(𝜃)

𝑐
, (12) 

and the relative density is given by 

𝛾 =
𝑝(𝜃𝑖|𝑥)

𝑝(𝜃𝑗|𝑥)
=
𝑝(𝑥|𝜃𝑖)𝑝(𝜃𝑖)

𝑝(𝑥|𝜃𝑗)𝑝(𝜃𝑗)
. (13) 

Under the circumstance of big samples, the value of γ is approximately equivalent to the ratio of 𝜃𝑖 

to 𝜃𝑗. Given a sample {𝜃1, 𝜃2…𝜃𝑛}, among which 𝑖 equals 𝜃𝑖, 𝑗 equals 𝜃𝑗, and randomly pick 𝜃′, when 
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𝜃′ = 𝜃𝑖 holds, the author notices that the number of {𝜃𝑖} is so big that one tends to reject it when 𝑖 𝑗⁄ >

𝛾; conversely, if 𝑖 𝑗⁄ < 𝛾, include 𝜃′  and thus the value of 𝑖 𝑗⁄  will approach γ. In Metropolis-Hastings 

algorithm, people assume that the sample is a sequent Markov chain, where one picks the new sample 

according to the latest sample selected.  

Overall, people operate the following loop when sampling using the Metropolis-Hastings algorithm. 

First, sample 𝜃0 using 𝜃𝑖 based on a certain distribution, then determine the value of the new sample 

through 𝛾 =
𝑝(𝜃0|𝑋)

𝑝(𝜃𝑖|𝑋)
. Notably, in step 1, people generate symmetric proposal distribution satisfying 

𝐽(𝜃𝑖|𝜃𝑗) = 𝐽(𝜃𝑗|𝜃𝑖). The symmetric proposal distribution is usually uniform distribution and normal 

distribution. The complete process is shown as follow. Initially, randomly pick the first sample 𝜃1. 

Afterwards, sample from 𝐽(𝜃|𝜃𝑖)  and obtain 𝜃0 , then calculate 𝛾 =
𝑝(𝜃0|𝑋)

𝑝(𝜃𝑖|𝑋)
=

𝑝(𝑋|𝜃0)𝑝(𝜃0)

𝑝(𝑋|𝜃𝑖)𝑝(𝜃𝑖)
. If 𝛾 > 1, 

assign 𝜃𝑖+1 ← 𝜃0 ,otherwise randomly sample 𝑝~𝑈(0,1). When 𝑝 < 𝛾 , assign 𝜃𝑖+1 ← 𝜃0 , otherwise 

assign 𝜃𝑖+1 ← 𝜃𝑖. Finally, repeat step 2 until the sample meets the expectation.  

4.  An application using Metropolis-Hastings algorithm 

4.1.   Background information of the model 

On Charles Darwin’s journey to the Galapagos, he discovered various species of finches on the islands, 

either coexisting or competing. Seemingly, the research on the diversity of the birds has partially 

influenced the natural selection theory [4]. The biologist discovered 13 species of finches on the total 

17 islands. The co-occurrence matrix below is used for studying the relationships among species [5]. It 

is found that the matrix is 

𝑇 =

{
 
 
 
 
 
 

 
 
 
 
 
 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 0 0 1 0 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0
1 0 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0
1 1 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1
1 1 1 1 1 1 0 1 1 1 1 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0
1 1 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0}

 
 
 
 
 
 

 
 
 
 
 
 

. (14) 

4.2.  Checkerboards and the expected measure of application 

A checkerboard matrix consists of two 1s from different species on two islands independently, with all 

1s on the main diagonal and 0s on the other, or vice versa. It indicates that two species are distributed 

respectively and independently on two different islands, implying their competitive relationship. The 

checkerboard matrices are shown as (
1 0
0 1

) or (
0 1
1 0

) [6]. Competition rate between species can be 

indicated through the number of the checkerboards in the whole matrix. Larger numbers stand for more 

intense relationships. For the co-occurrence matrix of Darwin’s finches, there are 333 checkerboards in 

total [7]. Nevertheless, the author can barely judge whether the number 333 is large or small. Thus, one 

must solve the expectation of the number of such checkerboards.  

It is reported that Doctor Susan Holmes estimated that the value of expectation is approximately 

6.715 × 1016 [8]. Considering the astronomical number, it is not realistic to select all checkerboards 

from these matrices. Therefore, this work applies Metropolis-Hasting method to launch uniform co-

occurrence matrices randomly, then calculate the probability that this matrix possesses equal to or more 
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than 333 checkerboards. The process is the same as the one stated in section 3. It begins by generating 

an initial matrix A with not less than one single checkerboard, from which one can select one in the big 

matrix and exchange the 0s and 1s. The resultant matrix is B, possessing the same row and column sums 

as the previous matrix A. In this way, in a graph, these two matrices, which can be transferred to each 

other through one exchange operation of a checkerboard matrix, are adjacent vertices [9]. 

4.3.   A simplified model for the problem 

For example, given all 3 ×  3 matrices 

(
0 1 1
1 1 0
1 0 0

) , (
1 1 0
0 1 1
1 0 0

) , (
1 1 0
1 1 0
0 0 1

) , (
1 0 1
1 1 0
0 1 0

) , (
1 1 0
1 0 1
0 1 0

) , (15) 

whose row sums and column sums are all 2, 2, and 1 as the co-occurrence matrices and collect the 

checkerboard matrices. After the transition graph of the five matrices is drawn, the stationary distribution 

of five vertices can be generated according to the number of edges converging on the same vertex. The 

graph referring to the five matrices is shown in Figure 2. 

 

Figure 2. Illustration of transition graph [9]. 

The stationary distribution is shown below 

𝑠 = (𝑠𝐴, 𝑠𝐵, 𝑠𝐶 , 𝑠𝐷 , 𝑠𝐸) = (
3

16
,
3

16
,
4

16
,
3

16
,
3

16
) . (16) 

The process of the algorithm is as follow. First, generate an initial matrix i with not less than one 

single checkerboard. Second, randomly select two rows and two columns, pause when the selected two 

forge exchangeable checkerboard matrix, then exchange the elements and form the new co-occurrence 

matrix j. After that, calculate the number of checkerboard matrices in both big matrices. In the end, 

generate the acceptance function to decide whether to include the next sample. The function is shown 

below: 

𝑎(𝑖, 𝑗) =
𝜋𝑗𝑇𝑗𝑖

𝜋𝑖𝑇𝑖𝑗
=
deg(𝑗)

deg(𝑖)
=
𝑁𝑢𝑚𝑏𝑒𝑟𝑠 𝑜𝑓 𝑐ℎ𝑒𝑐𝑘𝑒𝑟𝑏𝑜𝑎𝑟𝑑𝑠 𝑖𝑛 𝑗

𝑁𝑢𝑚𝑏𝑒𝑟𝑠 𝑜𝑓 𝑐ℎ𝑒𝑐𝑘𝑒𝑟𝑏𝑜𝑎𝑟𝑑𝑠 𝑖𝑛 𝑖
. (17) 

The algorithm is processed for 5,000 steps [10]. Among all 5,000 matrices, only two had 333 or more 

checkerboards. Therefore, it can be announced that the analysis shows evidence of competition among 

finches in Galapagos. 
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5.  Conclusion 

The article has expounded two advanced algorithms based on the Monte Carlo method, which can 

enhance the efficiency of generating the sample sets and do further analyses. In Section 2, the article 

focused on how the combination of Markov chain with Monte Carlo method can improve the original 

rejection sampling method applied in the latter. The author generated detailed calculations to illustrate 

the feasibility of Markov chain application in Monte Carlo method. It is notable that Markov Chain 

Monte Carlo is the core method utilized in Section 4 to solve the “Darwin’s finches” issue. Section 3 

contains a detailed account of Metropolis-Hastings Algorithm in order to prepare for the data analysis 

process in Section 4. In Section 4, the author demonstrated the methods and algorithms mentioned above 

by “Darwin’s finches” problem. Owing to the complexity of the original problem, the article stated the 

procedures through a simplified model sharing the same properties with the original problem. 

Significantly, the section showed the advantages of Metropolis-Hasting Algorithm over the ordinary 

Markov Chain Monte Carlo method to process enormous data. Overall, from the example provided by 

the paper, it is without doubt that Markov chain Monte Carlo method possesses a bright predisposition 

to give resolutions to a variety of issues among different subjects. For example, Markov chain applied 

to defend against cyberattacks, Markov chain-based IoT techniques, etc. The author will devote further 

studies to the application of Markov chain Monte Carlo in modern lifestyles. 
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