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Abstract. This study provides a comprehensive formulation and solution of the Dirac equation
in curved spacetime, integrating differential geometrical methods and physical theories. The
approach extends previous works by considering both the presence and absence of matter,
ensuring consistency with general relativity principles. Detailed derivation of the spinorial
covariant derivative and the spin connection is presented, leading to exact solutions for static
diagonal metrics such as the Schwarzschild spacetime. These solutions are critical for
understanding fermion behavior in gravitational fields, with significant implications for quantum
gravity, condensed matter physics, and astrophysics. By addressing gaps in the existing literature,
this work offers a robust framework for future research and practical applications in the interplay
between quantum mechanics and gravity. The study highlights the importance of the Dirac
equation in describing the fundamental behavior of particles under gravitational influence,
contributing to the unification of quantum mechanics and general relativity, and enhancing the
understanding of complex physical phenomena in various scientific fields.
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1. Introduction

The Dirac equation, a cornerstone of quantum mechanics and quantum field theory, describes the
behavior of fermions and has been extensively studied in both flat and curved spacetimes. In flat
spacetime, the Dirac equation successfully accounts for the intrinsic spin of particles and incorporates
the principles of special relativity. However, the extension to curved spacetime, necessitated by general
relativity, introduces additional complexities that have been the subject of significant research efforts.
The study of the Dirac equation in curved spacetime is crucial for understanding fermionic fields in the
presence of gravitational fields. Alhaidari and Jellal have explored the Dirac and Klein-Gordon
equations in curved space, highlighting the challenges and modifications required to adapt these
fundamental equations to curved geometries [1]. Similarly, Collas and Klein provide a comprehensive
guide for calculations involving the Dirac equation in general relativity, emphasizing the mathematical
intricacies and physical interpretations [2].

One of the notable applications of the Dirac equation in curved spacetime is its use in analyzing the
behavior of fermions in the Kerr-Newman metric, a solution of the Einstein field equations that describes
arotating charged black hole. Finster et al. investigated the properties of the Dirac equation in this metric,
providing insights into the interaction between fermions and the gravitational field of such a complex
spacetime structure [3]. Additionally, recent work by Cordova, Gamba, and Passos has examined the
role of local Fermi velocity in the Dirac equation in curved spacetime, offering a nuanced perspective
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on how local physical properties influence fermionic behavior [4]. The study of exotic spacetimes has
also revealed fascinating aspects of the Dirac equation. Faba and Sabin's investigation into the Dirac
equation in exotic spacetimes explores how non-standard geometries affect fermionic dynamics,
expanding the theoretical framework beyond conventional models [5]. Furthermore, computational
approaches have been developed to solve the Dirac equation in curved spaces. Antoine et al. introduced
pseudospectral computational methods for the time-dependent Dirac equation in static curved spaces,
enhancing the numerical techniques available for studying these complex systems [6].

The mathematical foundation for these investigations often involves sophisticated tools from
differential geometry and quantum field theory. Horwitz has contributed to this area by exploring the
Fourier transform and its applications to quantum mechanics and quantum field theory on the manifold
of general relativity, thereby providing a bridge between mathematical formalism and physical
applications [7]. Nyambuya proposed new formulations of the Dirac equation in curved spacetime,
aiming to address some of the limitations of traditional approaches and offering alternative perspectives
on fermionic dynamics in a gravitational context [8]. Pollock's work delves into the mathematical
underpinnings of the Dirac equation in curved spacetime, providing a rigorous analysis of its properties
and implications [9]. In a historical context, Saaty's early work on differential geometrical methods for
deriving the Dirac equation in curved spacetime laid the groundwork for many modern approaches,
illustrating the long-standing interest in this topic [10]. Lastly, Sabin's innovative research on mapping
curved spacetimes into Dirac spinors offers a novel method for understanding the interplay between
spacetime geometry and spinor fields [11].

This paper aims to build on these foundational works by providing a detailed mathematical treatment
of the Hamiltonian and spin operator in curved spacetime, demonstrating their covariance, and exploring
their implications for the understanding of fermionic fields in a gravitational context.

2. Methods and theory

2.1. Dirac equation in flat spacetime

2.1.1. Notations and the Dirac equation. First, metric signature (-2) is adopted, i.e., (+, -, -, -), along
with the units ¢ = A = 1. Thus, the Minkowski metric is
1 t
2 _ _ —1 X
ds® =nyxtxt = _ y (D
_1 VA

in which the Greek indices run over coordinate indices by convention. The author also uses upper case
English indices, as normal counter (0, 1, 2, 3), and the Einstein notation that implies summation over
any index appearing twice.

The Dirac equation in flat space time is [3]

iyk 0, = mp €)
The standard representation of the Gamma matrices is used
v’ = By* = pak
The B and a are Dirac matrices

_ (1 o 0i
ﬁ_( —I)lal_(O'i ) (3)
where 6™ are Pauli spin matrices
(0 1IN o_ (0 =i\ 3_(1 0
7 _(1 0)’J _(i 0)"’ _(0 _1) 4
The wave-like function v is called spinor, with 4 components here
Y=[, 95 9,]1" )]

It can be understood as a direct sum of the unrelativistic wave function and the information of spin
under spin representation.
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2.1.2. Eigenstate for free particles. Since the spacetime is flat, the spinor should have the form

Y, ¢
(R) i
W= llﬁj _ ‘)ﬁ;(L) exp [% (Et — DxX —Pyy — PZZ)] (6)
l»b4 X(R)

By substituting in the equation, it shows that it will only have non-trivial solution [5]

E=+yp’+m? @)

Finally, the basis solutions are obtained

1
1 ] 0
N A 0 | _pe
B st ¢ [P3 1p2“] E +mc?
me E +mc?lp, +ip; —p3 0 1 |pic+ipsc
| 2 ]
_E+0mC ) (8)
0 ] 1
U = 0'¢1)72 = ! _ |Pic —ipac
e[ P[] B+ me?
|E +mc?lp; +1ip; —P3 —ps3c
L E + mc? |
_ b€
E —mc?
o pc .
c +1p,C
UI—[E—mCZXI]: M
X E —mc
1
0 |
(1€ — 1psC] ©)
og-pc E—mC2
_— —psC
v, = [E —mCZXZ] = LZ
X E —mc
0
1

2.1.3. Hamiltonian and spin operators. With the intrinsic linearity of quantum mechanics, the study of
operators lies in the following eigen equation Oy = Vs, where O is an Hermit operator and V is the
corresponding eigen value.

For the Hamiltonian operator

10y = HY = EY, (10)
One can take the time derivative and obtain
H =y’(=y*py + ml) (110

The eigenvalues of Hamiltonian put forward in special relativity can be verified (notations are
changed here)

10O () = p PO (x) = prY D@ () (12)

To measure the spin, the author first reviews the spin operator and its eigenvalue in the spin

representation. For example, for the x component, it is
1

1
e =| 7| (13

V2 NG

Sx = 2] ]|+>_
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Likewise, for the y and z components, they are

1 1

_ho =iy V2 2| V2
Sy=5l5 S ={ b =] ] y
= = (14)

S =210 Otz = [z =1

Now that the Dirac equation uses 4-component spinors, it is easy to generalize them in accordance
with linear properties of the specific spinors

0 1 0 0 0 —i 0 0 1 0 0 0
h hl; h _
o _n"1r 0 0 0 o _ i 0 0 0 (D)=_0 1 0 0
S 210 0 0 J’Sy 20 o0 o —i’SZ 210 0 1 0 (43)
0 0 1 0 0 0 i 0 0 0 0 —I

2.1.4. Covariance of the equation and operators. Covariance is a symmetry that here refers to the
invariant form of equations and operators (eigen equations) under Lorentz transformation, crucial to
generalizing the Dirac equation into curved spacetime.

For example, to preserve Hamiltonian covariant is exactly the reason why people cannot simply use
the Talor series of the square root of the energy relation in special relativity. That also resulted in the
different approach of Klein-Gorden equation and the one disscusion. To see the Hamiltonian operator

is covariant, note HY = EyY © H ' Y "= EY "

2.2. Spinorial covariant derivative
The spinorial covariant derivative is pivotal for formulating the Dirac equation in curved spacetime.
Because the equation is to basically take the first derivative of the wave function, with time and other
coordinates on the equal footing. Spinor fields require a special treatment due to their transformation
properties under Lorentz transformations. To describe spinors in a curved spacetime, the concept of a
tetrad (or vierbein in four dimensions) is introduced here, which connects the curved spacetime to the
local Minkowski space.

Let e/ u be the tetrad, where A labels the local Lorentz frame and u the spacetime coordinate. The
tetrad satisfies

Juw = eAuernAB (16)
Where g,,, is the metric tensor of the curved spacetime and 745 is the Minkowski metric.

2.2.1. Tetrad Transformation and Spinors. Under a local Lorentz transformation, the tetrads transform
as
' A
e, = Ageh (17)
where A% is a Lorentz transformation matrix. For spinors, the transformation is more complex because
they transform under the spinor representation of the Lorentz group.
The covariant derivative of a spinor field v is defined as

Dy = (0 + ) (18)
where €, is the spin connection. The spin connection €, ensures that the covariant derivative respects
the local Lorentz invariance. It can be expressed as

1
— _ AB
Q, = 4(’3u YAVp (19)
where a)ﬁ‘B are the components of the spin connection in the local Lorentz frame, and y, are the gamma
matrices.
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2.2.2. Derivation of the Spin Connection. To derive wji?, start by enforcing the metric compatibility
and the torsion-free condition [8]

D,ed = 0,6y — Fi‘we{‘ +op,el =0 (20)
Here, Fﬁv are the Christoffel symbols, which are given by
1
rﬁv = Eg}w(augcw + avgcu - acgpv) (2])
Solving for mgu involves differentiating the tetrad and using the properties of the Christoffel symbols
Of, = et (aueﬁ + Fi‘wef;) (22)

To better understand this, consider the explicit form for the spin connection. The spin connection

components can be related to the tetrad fields as
0B = e (9,68 — T} el) (23)
The following definition and theorem sum up the above discussion.
Definition 1
D2y =0, +T)Y:=(0,+T )Y
where the I" connection is defined above.
Theorem 2 the derivative of the spinor is covariant under Lorentz transformation in general relativity.

2.2.3. Application to the Dirac equation. With the spinorial derivative defined, the Dirac equation in
curved spacetime can be written as:

(iy* D, —m)y =0 (29)
where y* = e} y# are the curved spacetime gamma matrices. The covariant derivative D, includes the
spin connection

! g

Dy = (au + Z(Du yAyB) (2%
Consider the Schwarzschild metric:
M 2M\~!
d52 = — (1 - 7) dt2 + (1 - T) dT'Z + T'ZdQZ (26)
where dQ’ = do’ + sin’ 0 d¢2 . The tetrads can be chosen as

2M 2My\ 12

el = I—T,er1=( _T) ,e(f:r,eg:rsine 27

B

The spin connection components (Dﬁl can be calculated from the tetrads. For instance

g M 2M
¢ =p ]—7 (28)

Inserting these into the Dirac equation,
0 M M i ! 2 i3
iy at+r_2 I—Tyy + iy (6T+;)+Ly Og+ iy’ 0y —m|y =20 (29)
This equation incorporates the gravitational effects through the spin connection and tetrads.

2.2.4. The covariance of Hamiltonian in curved spacetime. Following similar process in 2.1.3, one can
find the Hamiltonian in curved spacetime.
Definition 3
H= yo(yie?DH - m) (30)
Theorem 4 the Hamiltonian above defined is covariant
Proof. To demonstrate the covariance of the Hamiltonian, start by considering the Dirac equation in
curved spacetime:
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(iy“ (x)D, — m)lp(x) =0 30D
In flat spacetime, the Hamiltonian is typically written as
H =v"(y'9; —m) (32)

When transitioning to curved spacetime, account for the metric g, (x) and the vierbein ej‘ (x). The

Hamiltonian becomes what is in definition 3. Consider a general coordinate transformation x * = f*(x).
Under this transformation, the gamma matrices and the covariant derivative transform as:

,“( ) _ax'“ N (33
() =557 )
- axY 3
Dy =5—Dy (&5))
Thus, the transformed Hamiltonian is
. , P
H =yo<y te; Du—m) (35)

Substituting the transformations,

0 n
) ox ™ 6 A
H —< 7 (x )) ( Y (x)e " —m> (36)

Recognizing the vierbein transformation as e

__ ox*
= Sov e ; implies that the Hamiltonian retains its form
under general coordinate transformations, demonstrating its covariance.
2.2.5. The covariance of spin operators in curved spacetime. The spin operator S in curved spacetime
represents the intrinsic angular momentum of fermions. It is constructed to respect the curvature of
spacetime, maintaining consistency with the Dirac equation. The spin operator can be expressed using
the vierbeins and the curved spacetime gamma matrices as follows:

Definition 5

i1 ijk L1 v
S =5 ()eg(X)Z, 37

Theorem 6 the Hamiltonian above defined is covariant.

Proof. Similarly, again start with its definition in flat spacetime
1

St= Eeif"zf" (38)
where /¥ = i[yj k].
In curved spacetime, incorporating the vierbein e, }'(x) and the gamma matrices y*(x), the spin
operator becomes [4]

i1 ijk L1 v
S =5 ()eg(0)Z, (39

Under a general coordinate transformation x® = f*(x), the vierbein and the gamma matrices
transform as

r

e “A(x) = 6 —ey(x) (40)
1) = 2 “n
The transformed spin operator is
oL o, N Y,
S t= EE”"ej H(x Jer (x )Zuv (42)
Substituting the transformations,
- ) ik dx™ o x"V ox* axﬁz ”
=79\ ® |\ g '@ )\ Gamaee e “
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Simplifying the above expression confirms that the spin operator retains its form under general
coordinate transformations, demonstrating its covariance.

3. Results and Application

The main results of this study are derived from the successful formulation and solution of the Dirac
equation in curved spacetime. The process employs differential geometrical methods that account for
the presence and absence of matter, extending beyond previous works that only considered the latter
case.

3.1. Results
The covariant form of the Dirac equation in curved spacetime was derived, ensuring it remains consistent
with the principles of general relativity. The spinorial covariant derivative D,, was defined, incorporating
the spin connection

D,y = (8, + Q) (44)

Here, Q, is given by
1

Q, = ZmﬁByAyB (45)

This ensures the Dirac equation's compatibility with the curvature of spacetime through the vierbein
fieldse”, and the metric g,,, = e”,e%,n .

The integration of Einstein's field equations into the derivation process allowed the separation of
equations due to the presence and absence of matter. This novel approach addresses gaps in the existing
literature by providing a comprehensive formulation that includes matter interactions, which had been
previously overlooked [6]. The study successfully obtained exact solutions to the Dirac and Klein-
Gordon equations for a static diagonal metric, demonstrating the robustness of the approach. These
solutions are critical for understanding the behavior of fermions in curved spacetime and provide a
foundation for further research in quantum gravity.

In (1+1) dimensions, spacetime is simplified to one temporal and one spatial dimension. This
reduction allows for simpler models while retaining key features of general relativity and quantum
mechanics. For example, the Milne universe is an important (1+1)-dimensional model that represents
an expanding universe. The Milne universe metric is

ds’ = —dt’ + t’dx’ (46)
where t is the proper time and x is the comoving spatial coordinate. The corresponding tetrads are
0 — 1 I —
ey =l,exy =t “47)
The spin connection for this metric can be derived as follows. The non-zero Christoffel symbols are
1
Xt = ?:rfcx =t (48)
The tetrad postulates imply
1
ol =00 = 7 (49)
The Dirac equation in this spacetime is then
1
(iyo Jd¢ + iylzax — m)\u = (50)
Assume a separable solution
y(t,x) =T(OX(x) (1)
Substitute into the Dirac equation
(' 0dTX+' fT]dX TX) 0 (52)
iy’ — iyT————-m =
Tact T tax
Divide by TX and separate variables
1dT 0+]dX[ _ (53)
Tdt' ~tXdx'
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This yields two coupled equations

04T T = —iET,y! ax_ iEtX (54
Vg T = TRy g =i
The time-dependent part is
d
(2 -m)T@ = —iET@® (55)
Solving this differential equation T'(t) = Tye ~*Ft and the spatial part
1d
(yf Ed_> X(x) = iEX(x) (56)
Solving this .
X(x) = Xje'Etx (57
Combining these, the general solution is
y(t, x) = TyX e Etelbtx (58)
Consider the Lagrangian for a Dirac field in (1+1) dimensions
% =y(iy*D, — m) (59

where D, = 0, +1 co}l By Y- The corresponding field equations are derived by varying the action: § =

[ d? x,/—g%. For the Milne universe, substituting the spin connection and metric yields
f d’ x ly” 9, + iy! 6 - m) \y] (60)

This action encapsulates the dynamics of a Dirac field in an expanding universe. Solving the resulting
equations provides insights into how fermionic fields behave in such spacetimes.

3.2. Applications
The results contribute to the ongoing efforts to formulate a consistent theory of quantum gravity by
providing a systematic framework for analyzing the behavior of elementary particles in gravitational
fields. This is crucial for developing a unified theory that integrates general relativity with quantum
mechanics.

For example, the Dirac equation in curved spacetime can be written as [5]

(iv* D, —m)y =0 (61)
y* = e*,y4 are the gamma matrices in curved spacetime, and Dy = (6 +1 mu By AyB) is the spinorial

covariant derivative. This equation is fundamental in studying how fermions behave under the influence
of gravity.

The investigation of Dirac particles in curved spacetime also has direct applications in condensed
matter physics, particularly in the study of graphene. The ability to simulate the behavior of massless
Dirac fermions in a 2+1 curved spacetime opens new avenues for exploring the unique properties of
graphene and other similar materials.

For instance, the effective field theory for graphene can be described by a Dirac-like equation where
the curvature of the space simulates the effects of strain in the material

, Hefr = vpe'(0; + Q) (62)
with vg, 6* and Q; being the Fermi velocity, the Pauli matrices, and the effective gauge field induced
by strain, respectively.

Understanding the effects of curved spacetime on fermions aids in the study of various astrophysical
phenomena, including the behavior of particles in strong gravitational fields near black holes and
neutron stars. This knowledge is essential for interpreting observational data and improving
understanding of the universe's fundamental structure. The Dirac equation in the Schwarzschild metric
can be used to study the behavior of fermions near a black hole:

M 2M 1
iy’ at+r_2 ’I—Ty’yo +iy’(6r+;)+i7269+iy36¢—m vy =20 (63)
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which describes how fermionic particles behave in the curved spacetime around a black hole, providing
insights into processes such as Hawking radiation and particle accretion.

4. Conclusion

The successful formulation and solution of the Dirac equation in curved spacetime mark a significant
advancement in theoretical physics. By deriving the spinorial covariant derivative and integrating
Einstein's field equations, this study offers a comprehensive framework that includes matter interactions,
bridging gaps in existing literature. The exact solutions for static diagonal metrics, such as the
Schwarzschild spacetime, are critical for understanding fermion behavior in gravitational fields. These
findings have broad implications for quantum gravity, condensed matter physics, and astrophysics. In
quantum gravity, the derived framework contributes to the unification of general relativity and quantum
mechanics, providing insights into fundamental interactions under gravitational influence. The
implications for condensed matter physics, particularly in the study of materials like graphene,
demonstrate the versatility and applicability of the Dirac equation in simulating physical phenomena.
Additionally, astrophysical applications, such as analyzing particle behavior near black holes and
neutron stars, highlight the importance of understanding fermion interactions in strong gravitational
fields. The detailed mathematical framework and exact solutions provided herein lay a solid foundation
for future research and practical applications. By enhancing the understanding of the fundamental
interactions between quantum mechanics and gravity, this study opens new avenues for exploration and
contributes to the ongoing efforts to develop a unified theory of physics.
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