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Abstract: Mechanics is one of the most fundamental subfields of physics. Founded primarily
by Isaac Newton, mechanics has strong relations with astronomy, one of the oldest sciences.
It has astronomical origins and exhibits significant applications in astronomical problems. A
historical perspective is necessary to grasp the big picture of physics, so this paper traces back
to the very beginning of classical mechanics to discover its development through the literature
review method. Starting from Kepler’s planetary motion laws and Newton’s theories, then
moving to two-body and three-body problems, this essay demonstrates the delicacy of
classical mechanics and how it effectively solves different issues. Also, after centuries of
development, the implications of Newtonian mechanics have been greatly expanded upon,
serving as the foundation for numerous subsequent theories. In the end, this essay provides
an outlook for other theories that either derive from or relate to Newtonian mechanics, like
chaos theory and analytical mechanics. The paper finds that Newtonian mechanics is essential
because it not only provided solutions to many of the modern astronomical difficulties but
also encouraged the emergence of other important ideas.
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1. Introduction

Humans’ exploration of the universe has never been weakened throughout history. After an arduous
development of natural philosophy, people gradually realized that the universe follows specific
patterns: for example, Kepler proposed his laws about planetary motion by analyzing Tycho Brahe's
astronomical observations [1]. However, most findings, including Kepler’s laws, were empirical.
Rather from serving as illustrations of more basic ideas, they were only invented to match with the
findings of observations.

It was not until Newton published his epochal work Philosophice Naturalis Principia Mathematica
that all the empirical were theoretically justified. Newtonian mechanics performed exceptionally well
in solving two-body problems, where two objects move periodically around the system’s center of
mass, and it also provided mathematical justification for Kepler’s laws and extended their application
to more general situations. By studying forces between different objects, Newton successfully
predicted celestial bodies’ motions. The prophecy and later discovery of Neptune in 1846 also proved
Newton’s theories’ reliability[2]. The idea of a universal mechanism—that the entire cosmos is a
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painstakingly constructed machine—became eminent as a result of Newtonian mechanics' persuasive
and fundamental nature.

Therefore, people after the 18th century firmly believed that everything was predictable and that
the world was comprehensible. But can Newtonian mechanics completely unveil the secret of the
universe? In 1885, Acta Mathematica held a prize competition in honor of King Oscar I that collected
answers for the N-body problem. The final winner was French mathematician Henri Poincaré who
devised a novel approach to problem-solving and seizing the chance to go deeper into the domain.
Though he didn’t solve the problem, his contribution laid the foundation for other theories like chaos
theory.

While Newtonian mechanics is impressive, it may not always be the most effective or singular
approach, as illustrated by the challenges of the three-body problem. Another theory, analytical
mechanics, was established after the efforts of numerous scientists, represented by Lagrange and
Hamilton. It focuses on the system’s constraints and uses scalars to describe the system instead
vectors, like forces in Newtonian mechanics. Also, since energy is more widespread than force,
analytical mechanics could be more easily applied to statistical physics and quantum mechanics.

Mechanics has experienced a brilliant and twisting development. This paper is going to provide
an loverview of the development of Newtonian mechanics through the lens of astronomy and offer a
prediction for further research that will either build upon or be influenced by this field.

2. Newtonian mechanics
2.1. Kepler’s laws

Astronomy was well-developed before Newton’s time. Observing the universe has been a long-lasting
tradition since recorded history began. A Danish astronomer, Tycho Brahe, meticulously observed
planetary motions, particularly that of Mars, and provided accurate data [3]. His student Kepler spent
20 years analyzing his observation data and concluded three famous laws known as Kepler’s Laws
from 1609 to 1619 [4]:

(1) The Law of Orbits: All planets move in elliptical orbits, with the sun at one focus.

(2) The Law of Areas: A line that connects a planet to the sun sweeps out equal areas in equal
times.

(3) The Law of Periods: The square of the period of any planet is proportional to the cube of the
semimajor axis of its orbit.

The laws are purely experimental. They were concluded from numerous data observed by Brahe.
Before this discovery, Kepler attempted to search for the principle of planetary motion, but he focused
not on Force but on “traditional scholastic doctrine inheriting Aristotelian metaphysics” [5] and
designed a solar system model as shown in Figure 1 below:

Figure 1: Solar System Model [6]
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Kepler believed that the universe was harmonious and that all the planets moved along designated
orbits around the sun, represented by different spheres in the model. However, Kepler’s laws
disproved the previous models and did not find an explanation before Newton’s time.

2.2. Newton’s theories

In 1687, Isaac Newton used his laws of motion and laws of universal gravitation to justify Kepler’s
law [7]. Kepler’s empirical conclusions are crucial, and extracting three concise formulas from
numerous data was a magnificent work. However, Kepler did not connect his equations with the
concept of force: the second law corresponds to the conservation of angular momentum and implies
that the planets are subject to central force; the first law shows that the central force is the gravitational
force, while the third law quantitively but indirectly implicates the magnitude of the force [8].
Therefore, by introducing the concept of force, Newton discovered the law of gravitation and the laws
of motion, which are simpler and more fundamental and have further reach than Kepler’s planetary
motion.

2.2.1.Central force

A central force on an object is a force that is directed towards or away from a point called center of
force [9]. It has the form as follows:

F = f(r)r (1)

s the position vector, and f(r) is a function that varies with changes of the object’s position. If
f(r) > 0, the central force is repulsive; if f(r) < 0, the central force is attractive. Newton’s law of
gravitation and Columb’s law are both inverse-square laws and deal with central forces.

2.2.2. Two-body motion

A two-body system is an isolated system of two particles that interact through a central potential [ 10].
It can usually be reduced to a one-body problem by using reduced mass: Considering two massive
points with masses m,; and m,, displacements at r; and 7, respectively. Their center of mass has
mass m, and displacement 7 Since the system is isolated, the only forces between two massive
points are their own interacting forces, supposed f;, and f,1, as f,; = —f;, = F According to
Newton’s third law, we may derive:

myr; = fj, @)
m,r, = f;

Adding the two equations we have:
mre = 0 3)

This equation suggests that the center of mass in a two-body system is either static or moving at a
constant speed. Thus, if we take the center of mass as the origin (that is called the center of mass
frame), the problem would be simplified. Suppose the positions of two points relative to their center
of mass are rc; and rg, respectively:
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m1r1+m2r2 In2
rCl:rl_rC:rl_ m, +m =m+m (rl_rz)
1 2 1 2 (4)
r —r ro=r m1r1+m2r2 _ m1 (r r )
c2 — 27 t¢c™ 2™ - 1 12
m1+m2 m1+m2

Substitute r; —r, with r, the system is simplified to one-body form. Any of the two points can
be chosen to build a frame of reference.

. .- f f. m, +m
12 21 1 1 17
rl—rz—m——m——<m—+m—>F—mm d )
1 2 1 2 172
Defining reduced mass p = 1+ 2 we have an equation similar to Newton’s second law:
mjp +mp
d’r
—=F 6
2 (6)

Suppose the system has potential energy V(r) its mechanic energy E of the system is
E= %uvz + V(r) (7)

Where v is the speed of one body relative to another. This equation could be justified by adding
the kinetic energy of each body in the center of mass frame and the potential energy V(r).

Apparently, gravitational force is a kind of central force. From a more general perspective, this
paper is going to study the trajectory of a massive point in a central force field.

2.2.3.Conservation of mechanical energy in a central force field

Suppose the mass of an object is m, and the central force exerted on it is F = f(r) According to
Newton’s law:

mr = f(r); (8)
If we choose polar coordinates, the velocity of the object can be decomposed as:
V= vr; + Veé = r; + reé 9)

The second derivative can get the expression of acceleration in polar coordinates. Substitute t in
(8) with the result. Because central force has no  component:

m (r — réz) = f(r) (10)
m (218 +18) = 0 (11)
According to the conservation of angular momentum:
L=L£=r><p=r><mv=r;xm(1;;+réé)=mrzé(;xé) (12)
Then let h = r?6 , we have:
L = mh (13)
Eliminate 0 in (10) using (13):
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m(;—%> = £(r) (14)
Multiply dr on both sides and integrate:
fim (fdf —i—jdr) = 7 1(r)dr =V (rp) - VO) (15)

V represents the potential energy, and r,, is a random displacement in the field. It gives:

L2 4 o _ L2 _
gmr? 55+ U = gmrt + 7 +V(r,) =E (16)
0

Substitute h in (16) by r26 we get the conservation of mechanical energy:
1 2 mrzé
S mr +T+V(r)=E (17)

The second term could also be expressed as 1/2 Io?, where 1 is rotation inertia and  is angular
speed. According to 2.2.2, in the two-body problem, it is more meticulous in substituting m with p,
the reduced mass.

2.2.4.The Trajectory of a massive point

If we want to derive Kepler’s laws, we have to figure out the trajectory of the massive point. That
could be mathematically calculated as follows [11]:
Combing and Rewriting h = r*0 and (13):
L dt = mr?de (18)
Take 0 as a variable:

d _ded _ L d

dt dtde  me2de (19)
The substitution into (17) gives:
2 (dr)? 12

2mr4 (E) + 2mr2 +V() =E (20)

After rearrangement, it yields:
Ldr = de Q1)

mr2 %(E—V(r)—iz)

After integration, it becomes:

[ Ldr +0,=0 (22)

mr2 %[E—V(r)—iz]

If the function of potential energy V(r) is given, the equation of the trajectory can be calculated.
Yet there is another way to figure out the trajectory equation without knowing V(r) but focusing on
f(r) [12]:

Suppose u = %
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ﬂ_i(l)ﬂ__f___i (23)
40 dt\r/ d0 29  h

o 1drde o r (24)
462 h dt d@ he  h2u?

Combining (23), (24), (10), and h = r?0 , it gives:
—mh2u? £ mp2gd = ¢ (25)
62

This equation is Binet Equation: if f(r) is given, the trajectory of the massive point is known. In
Kepler’s laws, the central force 1s gravitational force f= —G% = —GMmu?
Substitute GMm with k, then f = —ku?. The substitution into (25) gives:

d?u k 1
w TV T e T (26)

Suppose 1, ¢ are constants. If the angle is measured from the periapsis, then the general solution
for the orbit is:

lu=1+4¢€ cosB 27)

. . . . . 1
The above polar equation describes conic sections [13]. Since u = e

r=—" (28)

" 1+ecos B

Where 1 is latus rectum and ¢ is orbital eccentricity. The nature of the orbit depends upon the
magnitude of e according to the following scheme [14]:
¢ = 0, circle
0< e<1,ellipse
€ = 1, parabola
€ > 1, hyperbola
Therefore, in Kepler’s first law, 0 < & < 1, and a planet moves along an elliptical orbit. Also,

the property of conic section tells that the ellipse has a principal axis of length 2a = %, S0 a = ﬁ

The period of planets orbiting the sun is:

2mab 2ml?
T="2= : (29)
h(l—sz)z

Therefore, Kepler’s Third Law is justified:

T2 _ 4121 _ 4mm

sl — = constant (30)

In conclusion, Newton’s theory achieved enormous success in establishing a general, complete,
and systematic law of the universe. Its application is widespread not only in astronomy but almost in
every field of science. After centuries of improvement and supplement, it has been exceptionally
well-developed and almost unimpeachable. Newtonian mechanics dominated the contemporary view
of'the universe, urging people to believe that the universe works strictly under natural laws and is like
a precise clock or machine. Such a perspective is called a “universal mechanism”. French
mathematician Laplace even conceived an intellect which at some point would be aware of every
force causing nature to move as well as every location of every component that makes up
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nature.Nothing would be unclear, and it might be able to see both the past and the future right before
it. [15] In other words, if one knows the very accurate state of the present, then both the future and
the past become fully accessible.

3. Beyond Newtonian mechanics
3.1. Three-body problem

Although Newton’s theory can correctly express the interaction among many objects, solving them
i1s not guaranteed: as shown in 2.2 above, finding the way to solve real problems is much more
complicated than listing basic equations. Thus, the universe could be a machine, but it could never be
completely understood, at least for humans, since scientists cannot figure out the accurate function of
motion. The three-body problem is a representative example of that.

Similar to the two-body problem, the three-body problem describes three masses interacting

through Newtonian gravity without any restrictions imposed on the initial positions

and velocities of these masses [16]. The Newtonian equations are easy to give:

3 1= 1 13

r; = —Gm,——— - Gm;——— (31)
|H_5| |H_%|

T 13 ™

r, =—-6m;————-Gm; ——— (32)
|r2"r3| |r2 r1|

- r,—r r,—r

r, = —Gm;, —— — Gm,—= (33)

3 3
|%_H| |%_Q|

Newton discussed a special case of a three-body problem in Principia [17]. But a three-body
problem does not have general solutions, because unlike a two-body problem, the three-body problem
could not be simplified by reducing it to a one-body problem. This was proved by Poincar¢ that three-
body and N-body problems have no real analytic integral [18].

Three-Body Problem was developed throughout the 18th and 19th centuries by Euler, Clairaut,
d’Alembert, Laplace, Lagrange, Jacobi, Cauchy, etc. However, it was not until the end of the
nineteenth century that Poincaré opened a new era, introducing geometric, topological, and
probabilistic methods to understand qualitatively the incredibly complicated behavior of most of the
solutions to this problem. By investigating the three-body problem, Poincare published his
monumental essay New Method of Celestial Mechanics, which became the foundation of chaos theory.
Poincaré¢ discovered that the solution to the three-body problem is unbelievably complicated, making
it impossible to predict the final state of the orbit under given conditions. After years, mathematicians
discovered such unstable states are common in dynamic systems, and they called such systems
“chaotic” [19]. While traditional science deals with supposedly predictable phenomena, chaos theory
deals with nonlinear things that are impossible to predict, like turbulence, heartbeat irregularities, and
road traffic [20]. A famous example is the butterfly effect: a butterfly flapping its wings in Brazil can
cause a tornado in Texas. This metaphor shows the uncertainty of the chaotic system. Anyway, the
emergence of chaos theory tells people that the future is unpredictable and the universe is still
mysterious and sophisticated.

The mathematical approach to solving the three-body problem is complex and indirect. However,
with modern computer simulation technology, a direct illustration of a chaotic system’s complexity
could be given. With specific x,y,and z coordinates of three points, their trajectories could be drawn
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as illustrated in Figure 2;and If the z coordinate changed by 0.000001, it yields an entirely different
graph as shown in Figure 3:

Figure 2: Trajectories of Three Body Motion [21]

If the z coordinate changed by 0.000001, it yields an entirely different graph as shown in Figure
3:

Figure 3: Trajectories of Three Body Motion After A Little Change [21]
3.2. Analytical Mechanics

As was mentioned at the end of 2.2.4, Newtonian mechanics gained huge success by using
mathematical approaches to explain multifarious phenomena in the natural world. However,
Newtonian mechanics focuses on the concept of “force”, which may not be the only and the perfect
choice. Instead, after years of effort by scientists represented by Lagrange and Hamilton, a new theory
was established: analytical mechanics. It focuses on scalar properties of motion, usually energy, while
Newtonian mechanics focuses on vectors. Under chaotic circumstances, like the three-body problem,
Newtonian mechanics is hard to apply.

Newtonian mechanics is familiar with displacement r that designates the relative position of a
point in a three-dimensional world, and v,a are acquired henceforth. However, in analytical
mechanics, generalized coordinates are adopted: They no longer rely on the displacement of massive
points but on other independent parameters, the number of which is defined by the system’s degrees
of freedom [21]. For a given system, the degrees of freedom are fixed. For a massive point, its position
in 3-dimensional space is described by three components: x,y,and z. Therefore, the degree of
freedom for this point is 3. When adding another independent point, the degree of freedom of the
system is 6. The three new independent parameters could either be x,y,and z, or the distance
between two points d, polar angle 6, and azimuthal angle ¢, like in spherical coordinate. The two
expressions are entirely equivalent. Analogously, the general coordinates ensure the coherence of
degrees of freedom but choose other parameters to describe the state of the system. Such an operation
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may simplify the problem by jumping out of the restriction of spatial coordinates and make it easier
to solve problems.

Noticeably, analytical mechanics is equivalent to Newtonian mechanics, and the scope of its
application is not wider than that of Newtonian mechanics. In analytical mechanics, a mechanical
system is characterized by function L(q,,q, ...q,,9q;,q, --q,t) such that

t2 :
S=J"L(qqtdt (34)
1

takes the least value (Hamilton’s principle) and L is called Lagrange’s function, in many cases
expressed as T —V , where T i1s the system’s kinetic energy and V is the potential energy [22].
After mathematical manipulation, it yields s equations:

d [ oL oL .
a(a—ql>—a—ql= 0 (1= 1,2,...,5) (35)
Which are the differential equations of the motion, called Lagrange’s equation. These concepts are
fundamental in analytical mechanics: they express Newtonian mechanics from a novel perspective
and have advantages over it.
Indeed, analytical mechanics may seem harder to comprehend compared with intuitive concepts
like force. However, it is human’s natural inclination to shift from the intuitive to the abstract, from
special to general, and from the ordinary I to the transcendental.

4. Conclusion

In summary, Newtonian mechanics forms a critical part of humanity's understanding of the cosmos,
because it provides a methodical approach to deciphering the movement of celestial objects and the
forces governing them. The understanding of physics was revolutionized by Newton's laws, which
also made it possible to explain Kepler's empirical planetary observations and foster progress across
other scientific fields. Yet, despite its monumental impact, Newtonian mechanics encountered
limitations, especially when addressing intricate problems such as the three-body issue, which called
for the application of alternative methodologies. The advent of analytical mechanics and chaos theory
broadened the scope of our knowledge, addressing systems that defy straightforward prediction.
Specifically, analytical mechanics introduced a fresh, energy-centric framework for comprehending
motion, simplifying the complexities of many dynamic systems. While Newtonian mechanics holds
an esteemed place in the history of science, it represents just a fraction of the ongoing quest to decode
the universe, paving the way for successive theories that continue to refine the understanding of the
cosmos and the laws governing it. This ongoing procedure serves as an example of how scientific
research is constantly changing, with each new discovery building on the work of earlier ones.
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