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Abstract. In recent years, significant progress has been made in the study of nonlinear Schrodinger equations within the fields of
mathematical physics and nonlinear wave dynamics. However, investigations on the semi-discrete form of coupled local nonlinear
Schrodinger equations remain relatively limited. In this work, within the framework of semi-discrete systems, we impose local reduction
conditions on the coupled nonlinear Schrodinger equation and propose a new integrable semi-discrete two-component coupled local
nonlinear Schrodinger equation. Starting from a semi-discrete 4 x 4 matrix Lax pair, and with the aid of a gauge transformation, explicit
formulas for the Darboux transformation of the system are derived. By selecting appropriate seed solutions, exact solutions of the system
on the zero background are obtained through the constructed Darboux transformation. Furthermore, the dynamical properties of these
solutions are visualized using mathematical software. The results reveal that the system admits typical breather-type soliton solutions,
which exhibit periodic oscillations in the temporal direction and localization in the spatial direction. This study not only deepens the
understanding of soliton dynamics in semi-discrete local nonlinear systems but also provides an effective approach and theoretical
reference for analyzing similar nonlinear wave equations.
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1. Introduction
The well-known nonlinear Schrédinger (NLS) equation:
iqe + g+ 2|q*q =0, )

can be regarded as the result of the coupled nonlinear Schrédinger (CNLS) equations:

iq; = —qu + 2071, @

ity = —rxx — 2rlq, 3

under the reduction r = —q*.Equation (2,3) belongs to the well-known AKNS hierarchy, where q and r are two slowly varying complex
envelopes of the propagating waves, the subscripts « and ¢ denote the partial derivatives with respect to normalized distance and time

respectively.
In 2013, Ablowitz and Mussilimani [1] introduced a "nonlocal" constraint on q and r, given by q(x,t) = r*(—x, —t), which allows the

derivation of the nonlocal nonlinear Schrodinger (NNLS) equation from Equation (2,3):
iqs + Qe + 297 (%, t)q* (=%, t) = 0. )

Equation (4) exhibits PT symmetry since the nonlinear term V(x,t) = q(x,t)q*(—x,t) remains invariant under the PT transformation, i.e.
V(x,t) = V*(—x,t). Compared to the NLS Equation (1), the key difference is that the nonlinear term 2|q(x, t)|*q(x,t) in Equation (1) is
replaced by 2q? (x, t)q* ( —X, t) in the NNLS Equation (4), which reflects the nature of the anti-spatiotemporal nonlocal coupling between q(x,t)

and g*(—x,t) .
Ablowitz and Ladik [2] discovered the semi-discrete nonlinear Schrédinger (sd-NLS) equation:

i+ (Quit + Qo1 —2Qn) +2[Qu

? (Qn+1 + anl) =0. 5)

In recent years, semi-discrete integrable systems have received increasing attention as mathematical models for various physical phenomena,
including nonlinear optics, biology, ladder circuits, and lattice dynamics [3-6].

The studies above primarily focus on single-component continuous and discrete nonlinear Schrodinger equations. However, research on multi-
component nonlinear Schrodinger (MNLS) equations has become a major topic of interest. MNLS equations are crucial dynamical systems in
optics and mathematical physics, describing the simultaneous propagation of multiple nonlinear waves in a homogeneous medium. They find
applications in plasma physics [7], quantum electronics [8], nonlinear optics [9], Bose-Einstein conde-nsates [10], and fluid dynamics [11].

Reference [12] presents the integrable multi-component form of the semi-discrete coupled nonlinear Schrédinger (sd-CNLS) equations:

i, 4 (ug’il + ugll) (1 -y uf]k)vfjk)) —2uY =0, 6)
iv'n(j) — (VSJ)rl + Vgll) (1 > v,(]k)u,(qk)) + 2v£,j> =0, j=12,...,m. @)
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This study investigates the integrability of these equations, derives an infinite set of conservation laws, and constructs their N -soliton solutions
via the inverse scattering method (ISM). However, to the best of our knowledge, no soliton solutions for this equation have been obtained using the

Darboux transformation.
() (4)*

In this work, we consider the case j and impose the reduction v;° = —uy’ ,which transforms Equation (6,7) into the following system:
2 2
i 4 () +ul) (14 [l + [u) — 208 =0, @)
2 2
a® + (ufﬂ1 + uff_)l) (1 + |u£.1)‘ + |u£,2)‘ ) —2u? =. ©9)

We first construct the Darboux transformation for Equation (8,9) by employing a gauge transformation and the associated Lax pair.
Subsequently, we derive the explicit solutions of Equation (8,9) and analyze their dynamical properties.

2. Darboux transformation

According to Ref [13], the auxiliary linear equations corresponding to the semi-discrete coupled local nonlinear Schrodinger Equation (8,9) are
given by:

‘I/nJrl = qulny (10)
40, =M,7,. )
The corresponding Lax pair is given as follows:
AL Qy
N, = 12
<Rn )\‘11> (12)
1 1)2 1
QRai-3(A-4)T 2+ 1Qus
M, =i ) ) o (13)
1R, — ARy VU, + 1 ()\ f _A) I
‘We may choose
n TIn - ; Tn
Qn = (q* *>7Rn = ( (*1 ), (14)
Th dp Tn —n

Thus, the Lax pair becomes:

Ny = ) (15)

A2HA2 * *
- +2 - ann,l + I‘nrn,1 + 1 “An-1Tn + QnTn-1 ';\qn—l - >\(1n ';\rn—l - >\rn
* * %% AHA2? * * 1 Art 1 % Aq* 1 %
M —Qp-1Tn + AnTn-—1 T2 — Qn-19y + Tn—1Ty + —ALy + ATn-1 —AQy + 2 9n-1
n—1 s
A24A2 * *
_%\q; + }\qz,1 _)l\rn - )\rnfl +2 + Qn-19n — rnrf,,l -1 Tp—19, — rnq;,1
1o gt 1 * * Aa? * *
3Tn — ATp1 —34n + >\qn—1 —Qn-1T, + Qnl';_q 5 + QnQ,_q — In-1T, — 1
Where ¥, isa 4 x 4 matrix, and A is the spectral parameter, which is independent of both n and t .
Substituting the Lax Equation (15,16) into the zero-curvature equation:
4 Nu = May 1Ny — NuMy, (17)
we obtain the equations under investigation:
: _ 2 2
1qnt = An+1 — 2qn + Qn-1 + (‘qn‘ - |rn‘ ) (qn+1 - qn—l)a (18)
o 2 2
irpg =rp41 — 20y + 1 + (\qn\ — |y ) (rpy1 +1o1) (19)

The Darboux transformation is an effective tool for constructing exact solutions of integrable nonlinear equations. To derive the Darboux
transformation for Equation (18,19), we introduce a gauge transformation:

Uo[1] = TPy, (20)
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where the transformation matrix T,

Where

all,n  a12n

a21n  A22n
a3in A32n

A4ln  A42n

is given by:
To=M+AB+C
a13n aldn bi1n bizn bizn bin
A23n  A24n B b21,n b22,n b23,n b24,n
b
a3y A34n bsin bsan bazn bsan
as3n a4dn bain bazn bazn bagn

Clin

Ca1n

C31,n

C41,n

@n

C12n Ci13n Ci4n

C22n C23n Co4n

C32n C33n C34n

C42n C43n Cd4n

By applying the gauge transformation, a spectral problem can be converted into another of the same type, transforming the spectral problem

Equation (10,11) into:

\Iln+1[1] = Nn[]-]‘lln[l]v

& Wa[1] = Ma[1]wa[1].

Combining Equations (10,11) and (20), we obtain:

N, [1] = T, N, T,

M [1] = (Tnyt + TaMa) T

(22)

(23)

@4

25

Here, N,[1] and Mn[l] share the same structure as N, and M, . By comparing the coefficients of like powers of A on both sides of
Equation (24,25), the matrix T, can be simplified as follows:

A+ -i b1 31\ bion C13n Cl4n
_}\ bTZ,n A+ _)1\ b{l,n Ch,n CIS,I\
Ty = 1 (26)
C31,n C32.n agz A+ 5 aggnh
C;Z,n C;l,n a‘§4,n>\ a‘;&n}\ + _)1\
By direct calculation, the following relation between the new and old potentials is obtained:
@ [l] = ualsni — Ind3gni1 — Ciinin 27N
to[l] =rpazni1 — Andsanin + Ca2nt1- (28)
Clearly, det T is a quartic polynomial in A, implying the existence of A; (j = 1,2, 3,4) such that detT =0.
Moreover, when A = A; , the vector
.
0u(M) = (0 (M), @2(), 02 (M), 04 ()
is a solution of Equation (10,11). Similarly, when A = A}, the vector
* * * * * T
on (M) = (27 (M), 03" (A1), 04" (M), 03" (M)
also satisfies Equation (10,11). Therefore, for A = A; (j = 1,2), a fundamental set of solutions to Equation (10,11) is given by:
T * * * * * * T
9u (M) = (01 (1), 02 (1), 03 (1), 0L (1)) : ou (M) = (027 (), 08" (M), 0" (11), 03" (A1)
T sk * * * T
Yn (7\2) = (Wl (A2), w2 (A2), wd (A2), Wi (A2)) , Yn (7\3) = (Wi (A3) un (A3), v (A3),wi" (A3)) (29)
Thus, Equation (20) can be rewritten as:
Ty T Tis Tig\ (03 02 Un vl
o 1| = Ty Ty Tas Tou | |02 o1 Wi wy (30)
n -
Tsr Tae Taz Taa| |3 2" ¢d ¢t
Ty Ta Ta Ta/ \o? @3 yi ¢3"

Therefore,when A = A;(j = 1,2) the vectors
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@u[1](A1) = Tou(A1), @u[1](A]) = Tou(A}),

Un[1](A2) = Ty (Az), Wa[l](A3) = Tun(A3)

J-(l), a§2), al® , not all zero, such that:

are linearly dependent. There exist constants o i

Tuoy + Ti207 + Ti303 + Tiagp + O‘j(l) (Tu(Pf.* +Tio0f" + Tiz08" + T14(p§,*)
+0(J-(2) (TnllJ.l] + Tioyf + Ty + T14‘Uﬁ) + 0‘;3) (TnlU?.* + Ty + Tighh” + T14¢§.*) =0,
T2195 + To293 + T2303 + Tas0p + (xj(l) T2 + Tool” + Tasof” + T24(p§*)

+0(J-(2) (Tzlll’;ll + T3 + Tozf + T24¢ﬁ) + (XJ'(S) (TzﬂlJ?,JF + TooWl" + Togurh” + T24‘~|J%*) =0,

* * * * (3 1)
T195 + Ta203 + T303 + Taa0p + O‘j(l) (T31(Pf. + Ta0n + Taz0n + T3403 )
2 3 * * * *
+(xj( )(T311P.11 + T3y + Tssyi + T34¢f’1) + OKJ! )(T31lIJ,2. + Tty + Ty + Taasd ) =0,
Ta19l + Ta202 + Tuz02 + Taao2 + (Xj(l) (T41(Pﬁ* + T42(p:.* + T43(P;1,* + T44(Pﬁ*)
2 3 *
+of” (Twi + Taoyp2 + Tzl + T44tui) +a” (Tuwi* + Taolh” + Tagyih” + T44‘“3*) =0
Rearranging these equations, we obtain:
1
T11 Ti2 Tizs Tu )
B‘
To1 Ta2 Tos T 3(2) -0 32)
T3 T3 Tiz Tag B;
Ty Tap Tas Tas g®
j
where
1 g3+ oy +alyl oyl
B'() S OBy
J Qutay 9 oy Yo Uy
@ _ obrool +alul+ayl’
B;” = —tpﬁa;“’w§*+uj-mwé.+aj-“’wﬁ* ) (33)
3) pira ol +alyi oy
_ o . A N
b~ = obtalVoz +aulayz
By substituting Equation (26) into Equation (32), the following linear algebraic system is obtained:
A+ le biin le bion C13n Cl4n (1 )
* * * * 1
le blan A+ 71] blia Clan Ci3n B
o . o | =0 (34)
C31,n C32.n aggnAj + by a3qnhj Bj
* * * * 1 (3)
C3an C31n azsAj ags  Aj+ % B;

By appropriately selecting A;, O(j(l), (XJ-(Q), aj(‘n’) (j =1,2, 3,4) , the determinant of the coefficient matrix in the linear algebraic system (33) can be

ensured to be nonzero. Under this condition, the variables as3n, as4n, biin, P12, C13n, C14n, C31,0, C32,n can be uniquely determined by (34).
3. Explicit exact solutions

This section focuses on obtaining exact solutions of Equation (18,19) through the application of the Darboux transformation (27,28).
Initially, we select the seed solution g, = 0,r, = 0. In this case, the matrices N, and M,, are given by:

A0 0 0
0A 0 0

N=1o 0 a1 o | (33)
00 0 A*
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B 0 0 0
- 0 R S 0 0 6
0 0 X 0
0 0 0 T N |

Thus, the spatial spectral problem ¥,.; = N, ¥, and the temporal spectral problem Edt U, = M,¥, admit the following four fundamental

solutions:

S a2p? 0
ni(— +1)t
A el( ? ) A2 =2
0 gl (-5 )
on|A| = , | A] = A e
0 0
0 0
(37
0 0
0 0
Xn A = i(A2+r2 —l)t P Yn M= 0
—n 2
A e i(vzﬂuz 71>t
0 A —ne 2
Substituting these fundamental solutions into Equation (33), we obtain:
a2
i<,% e e A2 2 7\]24272
o _ e _) - (x(1>)\*n}rnel< )
A ( 324n 2 ) I e B ’
i 7JJ—2 +1|t
?\J?‘e
A24a2 \
il 1l
@y, \ 2 ) . N
sz) _ o exm.z _ (xj(Z)}\j_Qnex(}\J?Jr)\j 2)t’ (38)
.(— Ll —1)m
Ale
J
,(M ,l)t wrar? o 22
@ _ e\ @ [ yr-nyn (Q_ s ’2>°
B = ( T ) =a A A
if - E] +1 |t
Ale
J
Thus, the system of Equation (34) transforms into:
(25 + brian ) + Duoah 1B + 1,08 + c1anBl” =
* - * - 1 * 2 * 3
120 T+ (7‘j + bl 1)33( )+ C14,nBj( )+ C13,nﬁj( =0
(39
C31n + 032,nBJ§1) + (333,n7\j + 7\?) Bj(z) + 334,n7\j3j(3) =0
* * 1 * 2 * — 3
Cham + 3B + al B + (a33,nxj +A 1) B =0
Rewriting the third and fourth equations, we obtain:
C31n t+ 851)032;. + 7\j[3j(2)333,n + 7\j[3j(3)a34,n = —7\{1[3;2)- (40)
cs1aB) + Coon + assah B +azinhiBY T = —Ar 1P (41)
Using Cramer's rule, we obtain:
Aoy
Cn = &, 42)
Asn
Cozn = &L 43)

Where A;, and A,,, Aj, , are determinants given by:
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1 Y ap? apd
1 Y AP AR

A1n = * * * (44)
) 1 «n(3 w02
U e g
1)* +n(3)* xn(2)*
D
w—1p(2 1 2 3
-x e Y apY
*— 2 1 2 3
_}\2 1 ;) ;) }\2[32) }\2Bé)
Bzn= «—15(3)* xa(3)* 32"
_>\1 1 1 >\1 1 1F1
a1 e e
(45)
LY ng? mpyY
LooontY np? hepy)
AS,n = (1)* w—1n(3)* «p(B3)* p2)* . (46)
Bl 7}\1 B1 AIBI AIBI
£ n e Ay Ay
By substituting the seed solution into Equation (27,28), the new solution is obtained as follows:
ra[1] = cornin = 522 “@7)
* Az,n+1
Gu[t] =~ = —522. (48)

In order to gain a clearer understanding of the obtained solutions and to investigate their dynamical properties, we define O(j(i) = ehi and choose

the parameters as: M=Lh=1LA=1+iAq=-1+1i and
hi1 = —1,h9; = 1,hs3; = 1,hgyy = 1,h12 = 1,hoe = —1,h3s = 1,hys = 1,331, ha3 = 1,h33 = —1,hy3 = 1 .Under this choice of parameters, a
one-soliton solution of the two-component semi-discrete coupled nonlinear Schrédinger equation on the zero background is obtained, as
demonstrated in Figure 1. This solution corresponds to a breather, exhibiting periodic oscillations in the temporal direction, with its amplitude
alternating between growth and decay. Along the n -axis, the solution decays exponentially, which can be interpreted as the interaction between a
soliton and its counterpart. Furthermore, the solution maintains its localized profile throughout the propagation process.

(b)

Figure 1. Single-soliton solution of the semi-discrete coupled local nonlinear Schrodinger equation on zero background

4. Conclusion

In this paper, we focus on the investigation of a two-component integrable semi-discrete coupled local nonlinear Schrodinger equation. Based on
the Lax pair, the Darboux transformation (DT) of the system is constructed, and its validity is established through a formal proposition. By
choosing appropriate parameters, breather solutions on the zero background are derived. Furthermore, the dynamical behaviors of these solitons are
analyzed in detail. The results of this work further reveal novel dynamical distributions of the nonlinear coupled local Schrédinger equation. The
proposed approach can also be applied to soliton equations arising from nonlinear local problems in physics and mathematics.
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