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Abstract. In this article, author introduce the theories about the sums of sets. First the 

definitionX ∙  Y =  { 𝑥𝑖 ∙  y𝑗  | 𝑥𝑖  ∈  X, y𝑗 ∈ Y }, that X, Y is a subset of group G. the first relative 

theorem is prove by Cauchy–Davenport. The beginning is the Kneser’s theory, and then, in the 

second part, this paper introduces several types of sumsets, though most of them is based on 

abelian group (commutative group or additive group) and if not, the author gives out the 

definition. And the popular topic about this is the sum-free sets, but this paper will only introduce 

a few. Readers who want detailed prove need to look for proves on the reference articles and the 

theory author talked is a small part of them (important or interesting ones). In some of references, 

the “+” can be change to other operation which satisfy the group, so this paper changes them into 

“∙”. 
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1.  Introduction 

When adding the two sets, there are some pairs of elements getting a same answer, so the questions are 

what is the biggest and smallest order of the new sets and when can use the adding of two sets to get the 

whole group (if it is finite) or when the adding of set do not have pairs of elements which get same 

element. As the oldest theorem of sumset is the Cauchy–Davenport theorem which is in group Z/p 

proved in about 300 years ago. Then about 1950s, Kneser proved his theorems. 

The section 1 is about the basic theory. And in the section 2, it contains sum of sequence, zero sums, 

perfect sums, unique sums and comparing of sum and difference. 

2.  The basic theory  

2.1.  Kneser’s theory 

Kneser’s theorem 1 and 2. X, Y ∈ G (abelian group) are finite, non-empty. And the stabilizer of   X ∙ Y 

is denoted H, (stabilizer of S in group G is that : =  {𝑔𝑖 ∈ G | S ∙  g𝑖  =  S}) [1]. Then it is satisfied that: 
| X ∙  Y |≥ |X| +  |Y| − |H| (1) 

The other theorem is that if |X ∙  Y|  <  |X|  +  |Y| ,  satisfying |X ∙  Y|  =  | X ∙  H |  +  |Y ∙  H|  −
 | H |. 

Besides, the condition of  |X +   Y|  =  |X′|  + |Y′|  − 1  is that X′ =  φG/H( X ) , andY′ =  φG/
H ( Y ), So then by the definition of canonical homomorphism, (φG/H  means the natural homomorphism 

of G onto the G/H which means quotient group, when H is a subgroup of G) [2].  

Then there is a generalized theorem 3: 

Proceedings of the 3rd International Conference on Computing Innovation and Applied Physics
DOI: 10.54254/2753-8818/9/20240736

© 2024 The Authors. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(https://creativecommons.org/licenses/by/4.0/).

169



Σ𝑘 (𝐗) = {xi1 ∙ ···∙  x𝑖𝑘 ∶  1 ≤  𝑖1 < ···<  𝑖𝑘  ≤ m and xik  ∈ Xik 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 1 ≤  𝑗 ≤  𝑘} (2) 

Let X = (x1, ..., xm) that all 𝑥𝑖  ∈  𝐺, let k≤m and 𝐻 =  𝑠𝑡𝑎𝑏(𝛴𝑘 (𝑿)). If 𝛴𝑘  (𝑿) is nonempty, then: 

|𝛴𝑘   (𝑿)|  ≥  |𝐻| (1 − 𝑘 + ∑ min  

𝑌∈
𝐺
𝐻

{𝑘 | { 𝑖 ∈ {1, … , 𝑚}: 𝑋𝑖  ⋂ 𝑌 ≠  ∅ }|}) (3)
 

When m=k=2, it become the Kneser’s theorem [3]. 

2.2.  Dyson e-transform and Kemperman’s d-transformation 

In this subsection, the abelian group is improved to be an arbitrary group. First, the definition of these 

two transforms [1].  

Dyson e-transform. Assume that Y is commutative and identity element is in Y. Choosing randomly a 

e ∈ X and define 𝑋’ =  𝑋⋃(𝑒 ∙ 𝑌), 𝑌’ =  𝑌⋂(𝑒−1 ∙ 𝑋). Then the Dyson e-transform of X, Y is the X', 

Y' respectively.  

Kemperman’s Transformation. Assume that 𝑋 ∙ 𝑒 ⊄  𝑋  for an 𝑒 ∈  𝑋 ∩ 𝑌 . Define 𝑋0  =  {𝑥0  ∈
 𝑋 | 𝑥0  ∙  𝑒 ∉  𝑋}, 𝑌0  =  {𝑦0  ∈  𝑌 | 𝑒 ∙  𝑦0  ∉  𝑌}. Put m = |X0| and n = |Y0|. From definition we have e 

≠0, 0 ∉X0, 0 ∉Y0, and p≥1.  

Define  𝑋’ =  𝑋 ⋃ (𝑥0  ∙  𝑒), 𝑌’ =  𝑌\𝑌0 , 𝑖𝑓 𝑚 ≥ 𝑛;  or 𝑌’ =  𝑌 ∪ (𝑒 ∙  𝑦0), 𝑋’ =  𝑋\𝑋0 , 𝑖𝑓 𝑛 >
𝑚.  And the Kemperman d-transform of X, Y is X', Y' respectively. With the using of these 

transformations, we can get these.  

Theorem 4. G is an arbitrary group, X, Y∈ G and Y should be commutative. If existing a commutative 

H ≤ G which is satisfy 𝑋 ∙  𝑌 ∙ 𝐻 =  𝑋 ∙  𝐻 ∙ 𝑌 =  𝑋 ∙  𝑌 (by definition of the commutative), then | 𝑋 ∙
 𝑌 |  >  | 𝑋 ∙  𝐻 | +  | 𝑌 ∙  𝐻 |  −  | 𝐻 | [1]. 

Theorem 5 (Kemperman theorem). | 𝑋 ∙  𝑌 |  ≥  |𝑋|  + |𝑌|  −  | 𝐻 |, if 𝑥0  ∈  𝑋 and 𝑦0  ∈  𝑌, and a H 

≤ G which satisfy 𝑥0  ∙  𝐻 ∙  𝑦0  ⊆  𝑋 ∙  𝑌, then they are similar, but it has a different definition of H [4].  

Theorem 6. S is the subset of X+Y, and if there is a H ≤ G can satisfy either H∙S=S (left coset) or S∙H=S 

(right coset): | 𝑆 |  ≥  | 𝑋 | +  | 𝑌 |– | 𝐻 |. (H ≤ G means H is a subgroup of G) [5].  

3.  Compare all types of sums and differences 

3.1.  The sums of element 

3.1.1.  k∧X. The definition assumes X ⊆ G (G is an abelian group in this subsection), then k ∧ X ∶=
 {∑ aa ∈ Q  , Q ⊆ X, |Q|  = k}. Similarly, in [6] in definition as the form of  ∑ (S)h  =  {xi1 ∙ ···∙  xih |1 ≤

i1 <··· < ih ≤ k} and S = (ai1, ···, aik) is a sequence of elements in G.  

Theorem 7. Let X⊆G be an additive set (commutative set), and assume 2 ≤ k ≤ |X|−2. And there is a 

restriction, it cannot happen together that k ∈ {2, |X| − 2} and X is a 2-coset. Where X ⊆ G call a 2-

coset if X coset of  B ≤ G in which all non-identity elements have order 2 (elementary 2-subgroup) [5].  

Then | 𝑘 ∧  𝑋 |  ≥ |𝑋|, Furthermore | 𝑘 ∧  𝑋 | >  |𝑋|, unless two more condition: (i) X is an almost 

2-coset which means after removing a single element, the set be a 2-coset. (ii) X is the union of two 

cosets of a subgroup of order 2.  

For the proving, the author introduced the 2-sums and some lemma about it, because x1+···+xk−2+ 2

∧Y ⊆ k ∧ X, when Y ⊆ X.  

3.1.2.  The minimum of Σ(S). For Σ(S)  =  ⋃ ∑ (S)r
k
r=1 , assume |G|= n, when S = g1  ·. . .· gk  =  ∏gi ∈

G gvg(S)  =  gmT ∈ ℱ(G) which gi ∈G and length |S|≥n. If max{vg(S ) | g ∈  G}  =  h(T )  ≤  m then 

∑ (T)≥n−m   =  ∑ (S)n . 

Theorem 8. When S is a zero-sumfree sequence (0 ∉ Σ(S) and has only one element of order 2) and |S|

≥4, 𝑆𝑢𝑝𝑝(𝑆)  =  {𝑔 ∈ 𝐺 |𝑣𝑔(𝑆)  >  0}, then 𝛴(𝑆)  ≥  |𝑆|  +  |𝑆𝑢𝑝𝑝(𝑆)|  − 1 [6].  

And the most important theorem he proved is that [6] k be a positive integer. Let S has n + k elements 

of G. Set t = |Supp(S)|. Then either  0 ∈  ∑𝑛 (𝑆) or  | ∑𝑛 (𝑆) |  ≥  𝑘 +  𝑡 –  1 [6]. 
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After theorem 8, the writer of [7] discussed a minimum of Σ(S) by |S|. Let G define as above and S 

⊆ G \{0} a symmetric subset with |S| ≥ 5 and the Σ(S) is  not periodic.  

|𝛴(𝑆)|  >  
(|𝑆| (|𝑆|  −  2))

4
 +  5 

Furthermore, if |G| is odd, it can be proved as: |𝛴(𝑆)| >
(|𝑆| (|𝑆|+ 2))

4
 +  2𝜉’(𝑆) –  1. where  𝜉′(𝑆) =

{
0   𝑖𝑓 

|𝑆’|2+ 3|𝑆’|

2
 ≤ 2| < 𝑆 > | + 5
  

1   𝑖𝑓 
|𝑆’|2+3|𝑆’|

2
  > 2| < 𝑆 > | + 5

 , S’ is a set that |𝑆’| =
|𝑆|

2
  and 𝑆 =  𝑆’ ∪  −𝑆’  and <S> means the 

generator of S. After this, the writer also introduces an Olson’s method and prove |Σ(S)| > 2|S| when S 

∩ (−S) = ∅ and |Σ(S)|>2|S|+1 under the condition |𝛴(𝑆)| ≤
|𝐺|

2
 and |S| ≥ 4 [7]. 

3.1.3.  Value of Σ (x1, x2, …, xt). If a1, a2, …, at is a sequence of group elements, let Σ =  Σ (x1, … , xt), 

denote the sum set Σ =  {0, x1} +  {0, x2} +  … +  {0, xt} =   ⋃ ∑ (S)r
k
r=1   and S =  (xi1,···, xit) . Note 

that if G is not abelian, then Σ depends on the order in which the theorem is listed. 

Theorem 9. Let S be a set of distinct non-zero (unit element) elements of G with order no less than 3 

and the G can be generated by S. Then there is an arrangement a1, a2, …, as of the elements of S and an 

index 2 ≤ p ≤ s [8].  

Then either 𝛴 (𝑥1, … , 𝑥𝑠−1),  or (i)For all 2 ≤t ≤q, |𝛴(𝑎1, 𝑎2, … , 𝑎𝑡)|  ≥  4 + [(𝑠 − 2)(𝑠 + 3)  −

 (𝑠 − 𝑡)(𝑠 − 𝑡 + 5)]  −  𝛥(𝑠), where O(s log s) = Δ(s) < s2/72. (ii) If q<s, then we can get 𝐻 = <

𝑥𝑞+1, … , 𝑥𝑠  > ⊂ 𝐺 and |𝐻|  <  2 𝑚𝑖𝑛{|𝛴|, |𝛴|}. 𝛴 =   𝛴 (𝑥1, … , 𝑥𝑞) and Σ̅ is the complement of Σ in 

G. 

Theorem 10. Let S as above, then there is an arrangement a1, a2, …, as of the elements of S, then |𝛴|  >

 1 +  𝑐𝑠2, where 𝑐 =
1

8
–  𝑂 (

log 𝑠

𝑠
) >

1

9
 [8].  

Theorem 11. Let S be a set of non-zero (unit element) elements from a finite group G of order n of size 

|S|≥cn1/2 and c≥3√2. (if p, the smallest divisor of n (though in the [7] writer uses smallest prime 

divisor, the meaning would not change), is greater than 2, then it can improved that 𝑐 ≥ (
(8𝑝−2)

(8𝑝−9)
)

1

2
). Then 

S contains t distinct elements such that 𝛴(𝑥1, 𝑥2, … , 𝑥𝑡  ) =  𝐻 ≤  𝐺. t≥c|H|1/2, and every clement of H 

has at least two representations in 𝛴 (𝑥1, 𝑥2, … , 𝑥𝑡  ) [8].  

3.1.4.  The t-independent set. X has a t-independent set in abelian group G, if existing a sequence (x1, 

x2, …, xm) that satisfying ( λ1x1  + λ2x2  +  … +  λmxm  = 0   and |λ1 | +  |λ2| +  … +  |λm|  ≤  t . so 

now the coefficient of each element can be an integer rather than 0 or 1, but this is also relative to the 

zero-sum and author introduce after.  

Define 𝑇𝑜𝑟(𝐺, ℎ)  =  {𝑥 ∈ 𝐺| ℎ ∙  𝑥 =  0} and 𝜎(𝐺, 𝑡)  =  ∑ |𝑇𝑜𝑟(𝐺, ℎ)|𝑡
ℎ=1 . 

Theorem 12. If m ∈ Z and satisfy |𝐺|  >  𝜎(𝐺, 𝑡)  ·  (2𝑚−2+𝑡
𝑡

), then there is a t-independent set of size 

m in group G [9].  

Besides the writer also introduce the case when t=3 and weak t-independent in article. 

3.2.  Zero-sum 

If 𝑆 = 𝑔1  ·. . .· 𝑔𝑘  =  ∏𝑔𝑖∈𝐺  𝑔𝑣𝑔 (𝑆), then let 𝜎(𝑆)  =  ∑ 𝑔𝑖
𝑘
𝑖=1  =  ∑ 𝑣𝑔(𝑆)𝑔∈𝐺  𝑔 ∈ 𝐺. The sequence S 

is zero-sum if the two condition is satisfied that σ(S) = 0 ∈ G and zero-sum free if 0 ∉ Σ(S). 

Theorem 13. Let S be a zero-sum free subset of G. Then (i) if |S| = 1 or 2 , |Σ(S)|=2|S|−1; (ii) if |S| = 3 , 

|Σ(S)| ≥ 5; (iii) if |S| = 5 , |Σ(S)| ≥ 13; (iv) if |S| ≥ 4 , |Σ(S)| ≥ 2|S|; (v) if S contains no element of order 2, 

|Σ(S)| ≥ 6 [10].  
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Furthermore, let G finite cyclic group with odd order (like the Z/p Z). If |𝑆|  ≥  
3|𝐺|+13

10
, then for any 

g ∈ S with 𝑣𝑔(𝑆)  ≥
6|𝑆| − |𝐺| + 1

16
. 

3.3.  Perfect sum 

This section is introducing the situation of the sum of subset equal to the abelian group G. If X⊂ G is 

perfect s-basis, s equal to the smallest t to satisfy ⋃ ℎ𝑋 = 𝐺𝑡
ℎ=0 . In the [11], the writer use isomorphism 

to analyze the situation of abelian group by the cyclic group. And in [12], readers can also find some 

theory about this, though it has one more restrict on the definition of perfect. 

Theorem 14. If subset X ⊂ G is a perfect s-basis, then s = 1 and X = G\{0}, or  G ≅ ℤ s+1 (1, 2, …, s+1 

mod s+1) and |X| = 1 [11]. 

Then the writer introduced two more definition. X is an additive base of order s, when all element in 

G can be written as exactly s terms. And if all s-terms sums are distinct, X can be called as Xs. 

Theorem 15. If a subset Y ⊂ G is a Ys set, then there are exactly two condition s = 1 and Y = G, or G 

≅  ℤ s+1 and |Y| = 2 [11].  

Furthermore, writer introduce a special case of s=2, then only the group G which ≅  ℤ2, ℤ4, ℤ7, ℤ2
2, 

ℤ2
4,  ℤ2

2 × ℤ4, has a perfect restricted 2-basis. 

3.4.  The unique sum 

X is a subset of commutative group G, if there is at least one c which only equal to one element of X+X 

(and because of commutative, xi +(-) xj = xj +(-) xi), then X has a unique sum (difference). 

Theorem 16. p(G) is the smallest divisor of |G|, then for the X, Y ⊂ G, (i) if 𝑝(𝐺)  >  √12
4 |𝐴|+|𝐵|−2

, X 

+ Y has a unique sum, (ii) if 𝑝(𝐺)  >  2|𝑋|  −  1, X contains a unique difference and a unique sum [13].  

Theorem 17. If Z ⊂ G has size |Z| ≤ log2 p(G), then Z is Freiman-isomorphic to a set of integers. 

Freiman-auto(iso, when it is bijection)morphism is a map φ: Y→Y' that if 𝑦1, 𝑦2, 𝑦3, 𝑦4  ∈  𝑌 and 𝑦1 +
𝑦2  = 𝑦3  + 𝑦4  ,then 𝜑 (𝑦1)  +  𝜑 (𝑦2)  =  𝜑 (𝑦3)  +  𝜑 (𝑦4) [13].  

3.5.  MSTD and MDTS 

They are the abbreviation of “More Sums (Difference) Than Difference (More)”. And difference 

means 𝑋 − 𝑌 =  { 𝑥𝑖  ∙  𝑦𝑗  | 𝑥𝑖  ∈  𝑋, 𝑦𝑗  ∈  𝑌 }. First, in [14], they writer give out the estimated value 

bound of MSTD in group Z/p Z. 

Theorem 18. Let |𝑀𝑆𝑇𝐷(𝑍/𝑝 𝑍)|  ∼  {
3𝑝/2

𝑝(
1+√5

2
)𝑝/2

. Let G(n) ∈G containing the elements of order n, so 

that |G(n)| = kn. Then the writer introduced the situation of that the G is a commutation group. 

Theorem 19. When n is even, getting 𝑘𝑛 ∙ 3|𝐺𝑛|
2(1− |𝐺𝑛|∙

3(𝑘𝑛 +1)

2
+ 

|𝐺𝑛|2

𝑘𝑛
)(

7

9
)|𝐺𝑛|

≤  |𝑀𝑆𝑇𝐷(𝐺𝑛)| ≤  𝑘𝑛 ∙

3|𝐺𝑛|
2(1+

|𝐺𝑛|

𝑘𝑛
)(

7

9
)|𝐺𝑛|

. And when n is odd, 𝑀𝑆𝑇𝐷(𝐺)|  ∼  (
1+√5

2
)𝑘𝑛 ∙ 𝑘𝑛 [14]. 

Then, writer also give out other theory about this. Second, the writer [15] introduce the situation of 

dihedral group. The author used the R, F (rotation elements, flip elements) to express the X+X and X-X 

that X is the dihedral group.    
At last, in the article [16], the writer proposed an interesting fact that when n→ ∞, most of sets in a 

group are balance (X is balance if X + X = X - X = G), and he use the computer to show the trend of 

this. 
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Figure 1. Simulation results [16]. 

As figure 1 shows, for each n (x-axis) we uniformly chose 10,000 random subsets of {1,.., n}. Top 

plot is the percentage of balanced, middle is the percentage of MDTS, and bottom is the percentage of 

MSTD [16]. 

4.  Conclusion 

In the article, readers can get the bound of each set (the theory in the section 1 give the basic bound and 

ones in section 2 illustrate it in different cases). Then the theory of perfect sets and unique sets answer 

the questions that when can use the adding of two sets to get the whole group (if it is finite) and when 

the adding of set do not have pairs of elements which get same element. However, the theory of free-set 

is popular, because it can be used on the prove of Fermat’s Last Theorem. First, the definition of free-

set is that if for all x, y, z ∈ A satisfy x ∙y ≠z, then A is a free-set. 
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