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Abstract. In many industries, there is a need to model the flow of air over structural components.
With sufficient information from these models, engineers can better implement these parts into
a complete design. The purpose of this paper is to provide a model of specific airfoils using
computational fluid dynamics (CFD). With computational fluid dynamics, the characteristics of
air around an airfoil can be modeled, providing useful data to engineers who could be designing
an airfoil or airplane. The CFD calculations are performed using Python, along with the two
packages Numpy and Matplotlib. The governing equations of CFD, including Newton's Second
Law, small disturbance equation (SDE), wave propagation, etc. are discretized and transformed
into partial differentiation equations (PDE). Using the second order derivative of the wave
propagation PDE, the SDE can be solved in iterations and plotted on a graph showing the velocity
distributions for a particular airfoil. The results from the CFD calculations show general trends
in velocity distributions, regardless of airfoil shape. These include a decrease in x-direction
velocity at the ends of an airfoil with an increase at the midsection of the airfoil. Also, y-direction
velocity is generally positive and increasing at the front of the airfoil, but negative and decreasing
at the end of the airfoil. What is important to understand is how different airfoil shapes can
change velocity distributions, moving to using 3D CFD calculations, and the possibility of using
CFD for modeling airflow over a multitude of objects.*
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1. Introduction

In engineering and science, the need for modeling and simulations of airflow over objects, such as
airfoils, buildings, aircraft, and cars, is of utmost importance. Before the advent of computers capable
of performing such complex tasks, calculations had to be done mostly by hand, which could only handle
simple problems with reduced accuracy. With the introduction of more powerful computers,
computational fluid dynamics (CFD) could be used to simulate fluid dynamics, thus allowing engineers
to model the flow of air and its interactions with objects quickly. CFD adopts computer programs to
solve partial differential equations (PDEs), which describe the mass, momentum, and energy
conservation of the flow. There are three advantages of using CFD for engineering designs: First, it is
faster than other design methods, allowing multiple designs to be simulated within a short period of time.
Second, compared with the previous methods of design by hand, the CFD approach is more accurate
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with the high computational power of modern computers. Finally, the cost of design by using CFD is
much less than the use of an experimental design, for which a wind tunnel test is normally needed.

In this work, we apply CFD to the simulation of fluid dynamics around an airfoil. The CFD
calculations have been performed using Python, including packages of Numpy, Matplotlib, and so on
for different purposes. The governing equation describing the fluid motion has been used to achieve the
CFD simulation of the airfoil. Compared with the traditional CFD methods, the current work adopts the
small disturbance equation for modeling the flow over the airfoil, which could provide a much faster
design method for the fluid dynamics over airfoils. We also visualized the flow field over the airfoil and
analyzed the different parameters describing the airfoil shape. Finally, we conclude with the results and
discussion.

2. Background

In this section, the development of CFD methods will be reviewed to further demonstrate the capability
of CFD for different problems in engineering and science. Then, the specific problem of designing the
airfoil by using CFD will be further discussed, which is the focus of the current work. Furthermore, we
demonstrate that the CFD approach can be useful for the fast and accurate design of airfoils as well as
many other fluid dynamics problems.

2.1. Computational Fluid Dynamics

In CFD calculations, we use computers to solve the governing equations of fluid dynamics, which are
normally PDEs. First, the conservation of mass needs to be considered, which is also called the
continuity equation. Then, the conservation of momentum also needs to be considered. This governing
equation essentially is Newton’s second law of mechanics:

F =ma (1)

where F is the force, m is the mass, and a is the acceleration. In addition to mass and momentum
conservation, we need to further consider energy conservation.

In fluid mechanics, Newton’s second law can be expressed as the Navier-Stokes equation, which
governs the motion of fluids around the airfoil:

u
Por= Vp+V-1t+pg (2)

The Navier-Stokes equation can be rearranged and reformatted into the Small Disturbance equation,
which will be touched on later in the paper and forms the crux of this processing model.

However, computers cannot handle continuous functions. Therefore, we need to initially discretize
these equations to solve them using computers. In mapping out space, we can use a discretized mesh for
describing the data. For example, the x-axis can be described by the array [xg, X1, X5 ... Xy ], which is
commonly selected with equal spacing such that:

X]—Xg=Xy)—X; ==Xy~ Xy_; = 4x (3)

Then, the equations can be solved on these meshes by using proper numerical methods.

Many different numerical methods have been developed to deal with different types of fluid
dynamics problems [1, 2]. Furthermore, when modeling fluid dynamics using CFD, the more general
the method, the less general the boundary geometry, which describes the shapes of the objects it can deal
with [3]. Also, it is important to verify and validate the results from CFD, which can be done by the
quantification of uncertainty [4]. Different methods have been developed for CFD, for example, the
finite volume method [5]. CFD has been successfully applied to various applications [6][7][8].

CFD however requires from the computer running the program sufficient memory, efficient coding,
and applicability to different situations. Without paying attention to these factors, the CFD simulation
may run slower and less efficiently than needed, costing engineers and companies priceless time and
energy. As it stands, there are multiple types of programs that execute CFD, each of which has its
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advantages and disadvantages. Thus, it is important to adopt the proper algorithms of CFD for specific
tasks. In the current project, we will investigate the specific problem of airfoil design with CFD, for
which the development of CFD-based airfoil design will be discussed in the next section.

2.2. Airfoil Design with CFD

An important object used in engineering industries and other such industries that use CFD analysis is
the airfoil. Figure 1 gives an example of the CFD simulation results for the pressure field over an airfoil.
The airfoil is an integral part of aircraft, wind turbines, and even structures like bridges or buildings.
Because of the need to understand how an airfoil interacts with air to generate lift, reduce drag, and
increase stability, CFD simulations are often used to study and analyze airfoil characteristics. In this
fashion, the airfoil best suited for a certain application can be ascertained with better certainty than by
manual calculation. In addition, the experimental test of airfoils can be very expensive. Hence, CFD
designs can be a fast and accurate way to solve airfoil design problems.

Pressure
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Figure 1. Airfoil pressure field from CFD calculation.

Airfoil design can be studied and perfected by analyzing CFD simulation results. For example, three
families of airfoils (the NACA series, FX series, and S series) have been investigated by using CFD [9].
Variable-fidelity optimization algorithms have been applied for the CFD-based optimization of the
airfoil shape [10]. The transition model for general CFD codes has been used for predicting the
performance of 2D airfoils [11]. It is important to acknowledge that CFD can be used for models with
multiple dimensions, like with a 3D model or a 2D model, which usually requires less processing and
time [12]. The use of CFD for studying airfoil design is not limited to merely individual models of
airfoils, but also to applications that include airfoil characteristics. This can be seen in CFD simulations
of wind turbines, which incorporate airfoils while the angle of fluid direction is different from
simulations with individual airfoils [ 13-15]. This flexibility in CFD simulations when analyzing airfoils
allows industries and this paper to determine the quality of an airfoil more efficiently. Boundary
conditions are also necessary in CFD design, as to not include the space within the airfoil model in the
calculations of airflow characteristics. On the surface of the airfoil, the normal force is redirected
perpendicularly from the surface, and airflow is redirected away at differing angles depending on the
angle of attack. The inlet where the air and airflow are located inside has boundaries as well, which are
frictionless. This means air cannot pass through the walls of the inlet but can travel at a uniform velocity
within it, before reaching the airfoil obstruction.

3. Design Approach

For the design approach, we adopt Python programming to solve the simplified governing equations of
fluid dynamics. Subsequently, airfoils with several different shapes can be modeled. Then, based on
these selected airfoil shapes, a new airfoil with better performance can be obtained from the redesign
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process. The design approach of using CFD for the fluid dynamics of airfoils has been demonstrated in
Fig. 2.
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Figure 2. Flowchart for the CFD design approach.

The implementation of the CFD calculations has been realized by using Python, with the two
packages of Numpy and Matplotlib. The reason for choosing Python as the programming language is
that it is easy to program and provides us with the mathematical functions needed for CFD calculations.
The Numpy provides the functions of mathematical calculations, especially these operations on arrays;
and the Matplotlib helps us to plot the data in different types of figures.

For solving the governing equations of fluid dynamics, computers can only deal with discrete
functions rather than continuous functions. Then, when solving the PDEs with computer algorithms, we
need to find the approximations of the derivatives based on the discrete values. For a given function:

y=f) 4
We need to discretize it into the values on the mesh grids:
X9 = 0,x; = Ax,x, = 24x, ..., x5y = NAx ®)]

for which N is the number of grid cells and Ax is the grid size. Then, the y values on the grids are:

Vo= f(xo),yr = f(x1),y: = f(x2), ., yn = f(xn) (6)

In this way, we have transferred the original continuous function into a discrete set of grid values. In
solving the PDEs, we also need to approximate the derivatives based on these discrete values. For the

first-order derivative, Z—Z = %Ecx) at the grid of index i, we can approximate it as:
d i — Vi i — Yi-
(_y) zyl Vi 1=)’L Vi1 (7)
dx/); xi—x;_; Ax
Alternatively, we can express it as,
(ﬂ) Vit — Vi
dx/; Ax
(ﬂ) _Yitr — Yi-i ®)
dx i 24x

For a PDE describing the wave propagation, the direction of the wave will determine which method
2

o e . . d .
to use for the derivative approximation. For the second-order derivative, d_szl can be approximated as:
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)

Y\ Yier = 29ty
dx? . ” Ax?
which is called the central difference method. In most of the governing equations of fluid dynamics, the
highest order of the derivative is the second order. Thus, we can now express the governing equations
of fluid dynamics by using these approximations on the mesh grid.

The simplified model of the small disturbance equation (SDE) will be used for modeling the flow
over the airfoil. The SDE can be expressed as:

(1—Ma?)pyx+ dyy =0 (10)

where Ma is the Mach number and ¢ is the velocity potential. The Mach number is the ratio of the local
flow velocity to the local speed of sound. This definition can be expressed as:

Ma =— (11)

where u is the local flow velocity and c is the local speed of sound. Therefore, with a greater local flow
velocity comes a greater Mach number. The faster the airfoil is traveling, and the greater the Mach
number, the more air it is displacing and disturbing. This provides a challenge to the stability of the
airfoil and modifies the air pressure and density around the airfoil. Thus, it is important to use the SDE
to help model the flow over the airfoil and find its best capabilities under the right conditions. For the
current design project, we adopt the SDE, which is the simplified governing equation of fluid dynamics.
As such, the computational cost of the CFD can be relatively low compared with other governing
equations. In this way, we can do the design process for multiple different airfoil shapes and obtain the
optimal design among them.

For the computation of this equation, we can use the previous formula for the second-order
derivatives:

3 d’¢ _Piv1j =29t Pimj
(¢xx)i,j - dx2 ~ Ax?
i,J
d’¢ bijr1— 21 + dij—;
(¢YJ/)U = <dy2> ~ Ay2 (12)
i,j

Further, we select Ax = Ay = h. The equation at Ma = 0 becomes:
Giv1j—20i; +dicrj  Pijrr —2¢ij + bijs
+ =
Ax? Ay?

, R YR ) TR ) T
¢l+l,j ()bl 1,j y ¢l,j+] ¢l,] [_(pi,j =0 (13)

Ma is set to 0 because the airflow velocities being used in this work are substantially low, making
the value negligible in calculations and approach 0. Then for this simplified equation, we can solve it by
iterations. The Python code for solving this equation is listed as follows:
for i in range(1, newphi.shape[0] - 1):

for j in range(1, newphi.shape[1] - 1):

0

Al=1
A2=1
B I=
B2=1
C=4

dp =- newphi[i, j] + (B_1 * newphi[i, j+1] + B_2 * newphi][i, j-1] +

12
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A 1 * newphi[i+1,j]+A 2 * newphi[i-1, j])/C
newphi[i, j] += dp

4. Results and Discussion

We are going to model the flow over the airfoil by using CFD. The simulations have been conducted in
a two-dimensional space with x and y directions. The initial flow velocity is in the x direction, and the
orientation of the airfoil is along the x direction. Then, the y direction is vertical to the x direction. By
analyzing the velocity fields in both the x and y direction, we can learn how the airfoil affects the fluid
dynamics near it. Importantly, the variables used in the figures are dimensionless. For example, the x-
axis represents the physical length divided by the specific characteristic length in the problem. This
allows for the cancellation of units and improved flexibility of the model to solve problems with different
characteristic lengths. (e.g., different airfoil lengths) Next, we are going to discuss several aspects of
this issue.

4.1. Airfoil Flow Characteristics
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Figure 3. The x-direction velocity distribution of the airfoil.

First, we choose the shape of the airfoil as a sin function. The results of the flow velocity in the x
direction have been demonstrated in Fig. 3. It shows that in the front and back of the airfoil, the flow
velocity in the x direction is lower than the incoming velocity. This is because when the flow hits the
front of the airfoil, the flow field will diverge to the y direction, and hence the velocity in the x direction
will be decreased. Differently, in the middle of the airfoil, due to the compression of the flow field near
the center of the airfoil, the flow in the x direction will be accelerated and reach a higher velocity
compared with the incoming velocity.
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Figure 4. The x-direction velocity distributions at different y locations.
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In Fig. 4, we demonstrate the x-direction velocity at different y locations. If the location in the y
direction moves away from the surface of the airfoil, the modification of the flow field is less. This is
because when we move away from the airfoil surface, the flow is less affected by the airfoil. The closer
to the center of the airfoil in the x-direction, however, the greater the x-direction velocity. This can be
seen in the large parabolic curve at the 1.5 x-location, which decreases and rebounds near the endpoints

of the airfoil.
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Figure 5. The y-direction velocity distribution of the airfoil.

The mapped velocity distribution here is like Fig. 3, but instead of the x-direction it is the y-direction
that is being mapped in Fig. 5. The two halves of the distribution shown appear to be mirror images of
each other. There is a drastic positive increase in y-direction velocity at the front of the airfoil, which
flips after crossing a point along the airfoil into a decreasing negative velocity. This occurs because the
front of the airfoil mainly redirects air upwards quickly, which travels along the airfoil gradually
downwards until it reaches the end of the airfoil. At the back of the airfoil, the air is sent drastically
downwards, thus giving it a negative velocity.
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Figure 6. The y-direction velocity distributions at different y-locations.

Next, we look at the y-direction velocity distribution along the x-axis at different y-locations. The y-
direction velocity distributions in Fig. 6 show the velocities decreasing in magnitude as the distance
from the airfoil increases, in the same fashion as the x-direction velocity distributions. This happens
because, with a greater distance from the airfoil, less air is affected by the airfoil being an obstacle.
Therefore, the y-direction velocities decrease greatly even with a small distance away from the airfoil
location. However, the velocities follow the same general trend of increasing positively at the front of
the airfoil and then decreasing into negative velocities at the end of the airfoil, showing how the airflow

14



Proceedings of the 2023 International Conference on Mathematical Physics and Computational Simulation
DOI: 10.54254/2753-8818/11/20230368

is still eventually affected. There is also a convergence point along the airfoil where no matter the y-
location, the y-direction velocity is 0, corresponding to completely linear horizontal flow.

4.2. Influence of the Airfoil Shapes
In this section, we will examine the influence of the airfoil shape by simulating the flow fields over the
airfoils with different shapes. In the previous section, the airfoil shape has been assumed as a sin function:

f(x) = sin[n(x — )] (14)

for the x direction range from 1 to 2. It should be noted that the shape function goes to zero at both x =
1 and x = 2, which is because the shape function must be a closed curve at these two locations.

In addition to the sin function shape, we have also tested the airfoil shapes of three other functions,
which are the parabolic function, symmetric triangle function, and asymmetric triangle function. For the
parabolic function, we have used the form of shape function:

fG)=&x-D2-x) (15)

which also has the value of zero at both x = 1 and x = 2. The triangle shapes have two forms. One is
the symmetric form:

f(x)=x—I1whenl <x<15
f(x)=2—xwhenlS<x<2 (16)

This function is continuous at the point of x = 1.5. However, the derivative of this function is not
continuous at x = 1.5. Another triangle shape that has been used is:

f(x)=x—I1whenl <x< 12

2—x
f(x) =Twhen 12<x<?2 (17)

This function is also continuous at the point of x = 1.2. However, the derivative is not continuous at
x = 1.2. Furthermore, to control the shape of the airfoil, a parameter  has been multiplied by the shape
function.
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Figure 7. The x-direction velocity distributions of different airfoil shapes. (a) sin function; (b) parabolic
function; (c) symmetric triangle function; (d) non-symmetric triangle function.

The CFD simulations of these four different airfoil shapes have been performed. Now we
demonstrate the results from these four different airfoil shapes and discuss the reasons why they are
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different. Figure 7 shows the x-direction velocity distribution of the four different shapes. The top left
subfigure is the result of the sin function; the top right subfigure is the result of the parabolic function;
the left bottom subfigure is the result of the symmetric triangle function; and the right bottom subfigure
is the result of the asymmetric triangle function.

The distribution for the airfoil based on a sin function has been explained previously in the paper,
with x-direction velocity decreasing at the front and back of the airfoil because air is being redirected in
the y-direction instead of the x-direction. Airflow is compressed at the middle of the airfoil, causing the
x-direction velocity to increase drastically. The distribution for the airfoil based on a parabolic function
is like the sin function, except for the velocity being slightly less in general and the velocity decrease at
the ends of the airfoil being less gradual. The velocity increase at the middle of the airfoil is more gradual.
This results from the parabolic function being less steep than the sin function, providing less of an
obstacle to redirect airflow.

For the symmetric triangle shape airfoil, the x-direction velocity is less distributed, but at a higher
velocity compared to the parabolic and sin functions. This is because the triangle shape abruptly redirects
airflow instead of allowing it to travel over a curved surface for gradual velocity change. The airflow
velocity will be higher but change less compared to the sin and parabolic function designs. The same
finding holds true for the asymmetric triangle airfoil, but because the side facing incoming airflow is
shorter and at a steeper angle than the other side, the rapid x-direction velocity increase is closer to the
front side of the airfoil. The x-direction velocity decrease at the front and back of the airfoil still exists,
but the distribution is unbalanced, including the fact that the velocities that occur are less in magnitude
compared to the symmetric triangle shape.
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Figure 8. The y-direction velocity distributions of different airfoil shapes. (a) sin function; (b) parabolic
function; (c) symmetric triangle function; (d) non-symmetric triangle function.
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Figure 8 shows the y-direction velocity distributions of different airfoil shapes, in the same layout as
the x-direction velocity distributions. The sin function y-direction velocity distribution, as explained
before, is due to the front of the airfoil quickly redirecting air upwards, which then crosses the middle
and heads gradually downward as a negative velocity. The parabolic function-shaped airfoil shows
similar behaviors, but due to the parabolic function being less steep, the changes in y-direction velocity
are less explicit. The general positive increase in velocity in the front and negative decrease in velocity
at the back half of the airfoil is shown, but not in the same outstanding magnitude.

The symmetric triangle airfoil also has the same general layout for the velocity distribution but has
a direct and abrupt change from a positive increase to a negative decrease in y-direction velocity. The
velocity also reaches the largest magnitude values in the symmetric triangle model. This is because the
front side of the triangle and the back side of the triangle meet at an abrupt angle, which would therefore
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abruptly change the airflow. The asymmetric triangle follows the same trend, but because of the shorter
front side, the y-direction velocity quickly increases and then evolves into a stable negative velocity
after crossing the intersection point of the two sides. The highest y-direction velocity is also the lowest
in the asymmetric triangle compared to the other models, due to the shorter front side disallowing greater
positive increases in velocity.

4.3. Comparison with Experiments

In this section, we demonstrate the experimental data of the flow visualization over the different airfoil
shapes. For the experiments, we have constructed the physical models of the four different airfoils by
3D printing. In the water tunnel, water is flowing at low velocity and the airfoil model has been put into
this laminar flow environment. Then, dye is injected into the system to visualize the flow field over the
airfoil. As demonstrated in Fig. 9, the flow fields over the four different airfoil shapes simulated in the
previous sections have been visualized by the blue color in the experiment. These results show consistent
flow fields compared with the CFD simulation results, which further validates the computational results
demonstrated previously.

(d)

Figure 9. Experimental observations for different airfoil shapes. (a) sin function; (b) parabolic function;
(c) symmetric triangle function; (d) non-symmetric triangle function.

5. Conclusion

In this paper, we have performed the CFD simulations of the airfoil by using simplified governing
equations. The results show that the flow field (the velocity distributions in both x- and y-directions)
over the airfoil has some general trends. Also, the change in the shape of the airfoil could substantially
modify the flow field over the airfoil, which is important for the design of aircraft. The simulation results
were further compared with the experimental data.

It should be noted that the current work only calculated the 2D flow field over the airfoil. However,
for the real aircraft design, the 3D flow fields are needed for the complex fluid dynamics over the airfoil.
In the future, the 3D fluid dynamics over airfoil should be simulated using CFD.

In addition, the simulation power of CFD should not be limited to the cases of the airfoil. We could
further extend our study to the flow field over other objects by using CFD, for example, racing cars,
buildings, and footballs. There are many different situations in which CFD can play an essential role in
the design and prediction, which needs to be further explored.
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