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Abstract. Motivated by results in the literature that use representations and group actions to
produce nice geometric results about algebraic varieties, this article studies projective
equivalence relations between closures of orbits for several complex algebraic group actions G
on P(V), where V is a complex representation of G. In particular, we study the cases when
(G,V) is one of the following: (GL,(C),C") , (0,(C),C") , (GL,(C),M,(C)) , and
(On((C), Mn((c)). On the way, we also obtain some interesting geometric results from studying
these orbits.
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1. Introduction
Motivated by studies of orbits of algebraic group actions [1] and their compactifications [2] with
different properties, we propose to explore the following problem.
Problem 1. Let G be a linear algebraic group defined over the field € of complex numbers. Let V be a
complex algebraic representation of G. Then G acts canonically on P(V). Let x € P(V)and consider
the orbit of x under the action G on P(V), which we denote by G,.. We examine the following questions.
(i) Whenis G, projectively equivalent to G,?
(i) LetQ, :=G, be the closure of G, in P(V). Under what conditions on x,x" € P(V) are Q, and
Q. projectively equivalent?
In this article, we study this problem for the following four cases.
e G = GL,(C) is the general linear group over C, V = C™and G acts on V as the matrices act on
vectors.
* G = 0,(C) is the orthogonal group over C formed by matrices g satisfying gTg = 1, V = C*and
G acts on V as the matrices act on vectors.
e G =GL,(C),V = M,(C) is the space of n X n matrices with entries in C and the action of G on
V is defined by conjugation.
* G = 0,(C), V = M, (C) and the action of G on V is defined by conjugation.
We will present in detail our study of these four cases in Section 3. The first and second cases are
quite simple.
Proposition 1.1. There is only one orbit for GL,,(C) acting on P(C™").

© 2023 The Authors. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(https://creativecommons.org/licenses/by/4.0/).
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Proposition 1.2. There are two orbits for 0,,(C) acting on P(C™). One is formed by the points x €
P(C™)satisfying xT - x # 0and the other is formed by the pointsx € P(C") satisfying x” - x = 0. The
two orbits are not isomorphic.

In the third case, we get the following result.

Theorem 1.3. Let V = M,,(C) be the representation of G = GL,(C) given by the conjugation. The
notations G,, G,,Q, and Q. follow those in Problem 1. Let x,x' & IP(V) be two points and let X
andx'be two matrices representing x and x', respectively. LetJy i, ., Ja k. (resp-Jy, ki)
be Jordan blocks in the Jordan normal form of X (resp.’). Assume that r = s and that up to a
reordering we have k; = k’; for each i. Suppose there exist a, f € C with @ # —nf8 and 8 # 0 such
that

A= ali+ B Yi-1kiki 1)
for each i. Then G, and G, are projectively equivalent, and Q, and Q, ' are projectively equivalent.

In the fourth case, we get the following result.

Theorem 1.4. Let V = M,,(C) be the representation of G = 0,,(C) given by the conjugation.
The notations G,, G,,Q, and Q- follow those in Problem 1. Let x, x" €P(V) be two points and let X
andx'be two matrices representingx and X', respectively. If there exist @, 8,y € C satisfying a = +f
and ¢ + f # —ny such that

%'=a¥ + pxT +yTrx. 2
Then G, and G, are projectively equivalent, and Q, and Q. are projectively equivalent.

We prove Theorems 1.3 and 1.4 by explicitly finding a projective transformation that sends one
orbit to the other. Representation theory shows that Theorems 1.3 and 1.4 are the best that we can get
by using our method. See Lemma 3.7 and Lemma 3.9 for detailed discussions on this topic.

In our study, we also obtain some interesting geometric results using the machinery we develop in
the article. They are results of the following form.

Let 4,4, € C. We define a projective variety Y 3, in P2 of points with homogeneous coordinates
[Vi:Vi2i Vi3 Y20 Va2 Va3: Y31t V32t V33] satisfying the following system of equations:

QA+ )Y Viuy22yss + ¥i2y23Y31 + Y21Y32Y13 = Y31V 13Y22 = Y21Y12Y33 = ¥32Y23Y11)
= M (yy + }’22+3’33)3 3)
QA1+ A’ W31Y13 + Y21Yi2 + Y32Y23 — Y1r¥a2 = Yir¥3s — ¥22Y33)
= —QA 2+ 21 + Ya2s33) o
Proposition 1.5. Given two pairs of distinct complex numbers (1;,4,) and (4,,4,), suppose that
e either (4,, 4,) is proportional to (/1'1, 1) up to a nonzero constant,
« or the following conditions hold
Ay #= =24
(2A; + A)A; # 2245 4)
2024, + )A; #= (34, — )4,
Then the projective varietiesY; ;, and Yﬂfp 2, are projectively equivalent in P%.

This article is organized as follows. In Section 2, we present classical results in representation
theory, general topology and projective geometry that will be used in the subsequent sections. In
Section 3, we study Problem 1 and prove Propositions 1.1, 1.2 and Theorems 1.3, 1.4. In Section 4, we

explore geometric applications of the machinery we developed and prove results in the form of
Proposition 1.5.

2. Basic knowledge

In this section, we present some basic knowledge that is necessary to the subsequent sections of the
article.
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2.1. Representation theory

The material presented here is well-known to experts and we refer the readers to [3] for more details
about representation theory. Let k be a field.

Definition 2.1. Let G be a group. A representation of G is a pair (V, p) where V is a k-vector space and
p: G = GL(V) is a map satisfying: (i) p(e) = IdV (ii) p(gh) = p(g)p(h).

Definition 2.2. Let (V, p) be a representation of G. A subrepresentation (W, p”) is a representation of g,
with W c V a sub-vector space of Vand p'(g) = p(g) forany g € G.

Definition 2.3. Let (W, p") c (V, p) be a subrepresentation. The quotient representation (V /W, p) is a

representation of G such that p(g) = p(g) where p(g) = p(g)(x) foranyx € V /W.

Definition 2.4. A subrepresentation W of representation V is called trivial if W =0orW =V. A
representation V of G is called irreducible if it has no nontrivial subrepresentations.

Definition 2.5. A map ¢: W — V between representations of a group G is called a morphism (of
representations) if: (i) ¢ is k-linear. (ii) ¢ (g.w) =g.¢p(w) forallg e G,w e W.

Lemma 2.6 (Schur). (i) Let W and V' be irreducible representations of a group Gand ¢ : W — V be a
morphism of representations. Then either ¢ = 0 or ¢ is an isomorphism.

(ii) Let k be algebraically closed. Let V be an irreducible finite-dimensional representation of a group
G. Let ¢: V — V be an endomorphism of the representation V. Then there exists A € C for which =
PAldy .

Proof. We begin by proving (i). Let w € ker¢p and g € G. Then since¢p(gw) = gp(w) =0, gw €
ker¢. Letv € Im ¢ and write v= ¢(w,). Then, gv = gp(w) = ¢p(gw) € Im ¢. Hence ker¢p c W
and Im ¢ c V are subrepresentations. Either ker ¢ = {0} or ker¢p = W. If ker¢p = W, ¢=0. If ker
¢ ={0}, ¢ is injective. In addition, Im ¢ c V = Im ¢ = {0} x= V', meaning that ¢ is surjective and
thus bijective. It is not hard to verify that ¢~1: W — Vis also a morphism of representations. We
conclude that ¢: W — V is an isomorphism, as desired.

Next, we prove (ii). By linear algebra, there exists a nonzero vector v € V and a scalar A € C such
that ¢p(v) = Av. The linear map ¢ — Aldy : V — V is a morphism of representations. By (i), either
¢ — Aldy, = 0or ¢ — Aldy is an isomorphism. However, since there exists nonzero v € V for which
¢(v) = Av, ¢ — Aldy is not injective. Thus ¢ = Aldy,.

2.2. General topology
In this part, we present some topological language from the perspective of metric spaces. One may
refer to [4] for a more abstract approach. We include this part to provide a basis for our usage of
Euclidean topology in complex projective geometry.

Recall how continuity of maps is defined in differential calculus.
Definition 2.7. A function f : R = R is continuous at x, € R if for all e > 0, there exist § > 0such
that if x € R satisfies |x — xy| < 8, then |[f(x) — f(xp)| < €.

Let x = (x;, ..., xn),y = (¥;, .., ¥n) € R. The Euclidean definition of distance is dist (x,y) =

VXM, |x; —y;1°. Note that we can also use a non-Euclidean definition of “distance”, such

as disty (x,y)= Qr lx— yilp)l/l’ forp = 1.
Definition 2.8. A map f : R - R is called continuous at x, € R™if for all ¢ > 0, there exist § > 0
such that if x € R™ satisfies dist(x, x,) < &, then dist(f (x), f(x,)) < €.

Motivated by this, we introduce the concept of metric spaces to talk about continuity in a more
general setting.
Definition 2.9. A metric space is a set X endowed with a function

d: X xX >R, (5)

called the metric function (or distance function), satisfying the following properties:

(i) d(x,y)=0iffx = y,

(i) d(x,y) =d(y,x),and

(i) d(x,z) <d(x,y) +d(, 2)

68



Proceedings of the 2023 International Conference on Mathematical Physics and Computational Simulation
DOI: 10.54254/2753-8818/11/20230382

Definition 2.10. Let (X, dy) and (Y, dy) be metric spaces. Amap f: X — Yis called continuous at x, €
X if for all € > 0, there exist § > 0 such that if x € X and dx(x, xy) < &, then dy (f (%), f(xp)) < €.
Such a map is called continuous if it is continuous at each x, € X.

Open and closed subsets in metric spaces

Let (X, dy) be a metric space.

Definition 2.11. An open ball centered at x, € X with radius r > 0 is the set B(x,,r):={x €
X:dy(x,xp) <71}. A closed ball centered at x, € X with radius r > 0 is the set B(x,,r):= {x €
X:idy(x,x9) <7}

Definition 2.12. (i) A subset U c X is called open if for any x, € U, there exists r > 0 such that
B(xy,r)c U.

(if) Let {x,}n= be a sequence of points in X. The sequence is called convergent in X if there is a
point A € X such that for all e > 0, there exist N € N for which dy(x,, A) < e foralln > N.

(iii) A subset F c X is closed if for any convergent sequence {x,}n=, € F, the convergence point
liesin F.

Proposition 2.13. Let Y be a subset of X. ThenY < X is open if and only if Y¢ c X is closed.

Proof. Suppose Y c X is open. Let the sequence {x,}n=1 € Y¢ converge to A € X. That is, for any,
there exists N € N such that for all n > N. Assume for the sake of contradiction that A € Y . Since Y is
open, there exists r > Osuch that B(4,r) c Y. Pick e = r. Then there exists N € N such that for all
n> N, x, € B(A,r) cY, contradicting x,, € Y°. Hence A € Y for any choice of {x,},~; and so
Y¢ c X is closed.

Suppose Y€ c X is closed. Let y be an arbitrary point in Y. Assume for the sake of contradiction
that for each r > 0, B(y,r) N Y¢ # ¢. Picking r = I/n, we can construct a sequence {x,}n=1 C
Y€ such that x, € B(y,1/n) nY¢. This sequence converges to y € X. Since Y€ is closed, y € Y€,
contradicting y € Y. Thus there must exist r > 0so that B(y,r) c Y. Hence Y c X is open.

Theorem 2.14. Let X and Y be metric spaces. Let f : X — Y be a map. Then the following three
statements are equivalent:

(i) f iscontinuous.

(i) for any open subset V c Y, the preimage £~/ (V) < X is open.

(iii) for any closed subset W c Y , the preimage f~/(W) < X is closed.

Proof. By Proposition 2.13, (ii) and (iii) are equivalent. We will prove that (i) if and only if (ii).

Suppose f is continuous. Let V < Y be an open subset. Let x € £~/ (V) be an arbitrary point. Since
f(x) e Vand V c Yis open, there exist € > 0 such that B(f(x),e) < V. By the continuity of f, there
exists § > 0 for which f(B(x,8)) € B(f(x),€). Then B(x,8) c f~/(B(f(x),€)) c f~!(V) and
hence f~1(V) is open.

Suppose for any open subset V c Y, the preimage f~1(V) c X is open. Let x be an arbitrary point
in X. For any € > 0, consider the open ball B(f(x),€) c Y, which is an open subset of Y. Then
fY(B(f(x),€)) c X is open. Since clearly x € f~1(B(f(x),€)), there is § > 0 such that B(x, ) c
f~Y(B(f(x),€)). Then for all y € X satisfying dy (y,x) < &8, we have dy (f (), f (x)) < €. Hence f is
continuous at x. Therefore £ is continuous.

As we can see from Theorem 2.14, the notion of continuity can be talked about without mentioning
metrics. All we need to be able to talk about continuity is the concept of open subsets (or equivalently
the concept of closed subsets). This is the motivation for mathematicians to define topological spaces.
Definition 2.15. A topological space is a set X endowed with a set T of subsets of X satisfying the
following properties:

() ¢XerT,

(i) Let{U;}ic; € 7. ThenU;¢; U; €T,

(iii) LetU,V et. ThenUNV €.

The set tis called a topology of X and its elements are called open subsets of X.

Proposition 2.16. Let X be a metric space. Let 7 be the set of open subsets of X defined by the metric.
Then (X, 7) is a topological space.
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Proof. First, ¢, X € tis clearly true.

Second, let {U;};¢; be a family of open subsets of X. Let x € U;¢; U;. So there exists i, € I such
that x € U;,. But since U;, c X is open, there exists r > 0 such that B(x,r) c U;, © U;g; U;. Thus,
U;e; U, is open, as desired.

Third, let U,V be open subsets of X. We must show that U n VV'is open. Let x € U n V. Then there
exists ry, 1, > 0 such that B(x,ry) < U and B(x,r,) € V . Pick r = min{ry,r,} > 0 and we have
B(x,r) cUNnV.Hence U N Visan open subset, as desired.

Hence, we may say that metric spacs induce topological spaces. Motivated by Theorem 2.14, we
define the concept of continuity for topological spaces.
Definition 2.17. Let (X, tx) and (Y, 7y) be topological spaces. Let f : X — Y be a map. The map f is
continuous if forany V € 7y, f~/(V) € 14.

Now we introduce two notions that are important in this article.
Definition 2.18. Let X be a topological space. Let Y be a subset of X.

(i) The closure of Y, denoted by Y, is the smallest closed subset of X containing Y.

(ii) The interior of Y, denoted by Y, is the largest open subset of X contained inY .

2.3. Projective geometry
We present here some basic notions in projective geometry, which we will use later. Let « be a field.
Definition 2.19. Let V be a k-vector space. Denote P(V) to be the set of 1-dimensional subspaces in V.
When V = k™, we write P(V) = P/ (k).
Definition 2.20. The natural map m: V — {0} - P(V) takes x to [x], the 1-dimensional subspace of VV
generated by x.
Definition 2.21. A projective transformation ¢:P"(k) —» P™(k) is given by an invertible (n +
1) X (n + 1) matrix A such that ¢([x]) = [Ax].
Definition 2.22. Let X and Y be subsets of P™(k). X and Y are called projectively equivalent if there
exists a projective transformation that takes Xto Y .

When k = C, V — {0} has a Euclidean topology. Using this topology, we can define a topology on
P(V).
Definition 2.23. Define a subset Y < P(V)to be open if and only if #=/(Y) ¢ V — {0} is open. Let T
be the set of open subsets of P(V)defined this way.

One checks readily that 7 is a topology on P(V).
Proposition 2.24. Let f € Clxy, ..., x,]be a homogeneous polynomial. Define

V(f):={[xp:x5:: x0]: f (%0, or, X)) = 0} € P™(O). (6)

Then V(f) is closed with respect to the topology t defined in Definition 2.23.
Proof. It suffices to prove that 7=/ (V(f)) is closed. We define f as a function on C*** — {0} - Cas
follows:

j;: (xg, eer xn) = f(xg, v, Xp)- @)

The map f is continuous because it is a polynomial function. Hence n‘l(V(f)) = {(xo, v, Xp) €

1~ {0): f (o, ., %) = 0} = £ ({0}) is closed in €™+ — (0},

3. The geometry of orbits
In this section, we study Problem 1 in detail through the following four examples.
e G = GL, (O)is the general linear group over C, V = C" and G acts on V as matrices act on vectors.
* G = 0,(C) is the orthogonal group over C formed by matrices g satisfying g'g = I, V = C™ and
G acts on V as matrices act on vectors.
e G =GL,(C),V =M,(C)is the space of n X n matrices with entries in C and the action of G on
V is defined by conjugation.
e G = 0,(C),V = M,(C) and the action of G on V is defined by conjugation.
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3.1. The representation of GL,(C)on C"
Lemma 3.1. Let v, v’ € C™ be nonzero vectors. There exists g € GL,,(C) for which v’ = gv.

Proof. Let {e; = v, e,, ..., e, }be a basis of C", and let w = (1,0,---,0)". Note that A = (¢; = en) €
GL,(C)is invertible. In addition, Aw = v = w = A~'v. Similarly, we can let {e;' = v/, e,’, ..., e,,'} be
a basis of C"and A’ = (e, - e,") € GL,(C). We then have Aw = v'= A'’A~'v = v". Pick g =

A'A™1 € GL,(O).

Let x,x" € P(V). Since by Lemma 3.1 any nonzero vector can be expressed as a product of a matrix
in GL,(C) and any other nonzero vector, G, = P(V) = G,. Consequently, 2, = 2,.. Since projective
transformations are defined by linear maps, they are continuous. Hence, a projective transformation
sends limit points to limit points. If two subsets are projectively equivalent, so are their closures.

3.2. The representation of 0,,(C) on C"
Lemma 3.2. Let x € C™ be a vector such that x' - x # 0. Then there is a basis {e; = x, e, ..., e, }such
that
T _ " " .
{el e]TO or'i # j @)
e; e * 0.
Proof. Proceed by induction on dimV. If dimV = 1, the result is trivial. Assume that the lemma holds
for all vector spaces of dimension less than dimV. Pick a vector x € V for which x - x = 0. For any
yEV,
xy={+y) (xty) —x x—y-y}=0 ©)
Consider W = (x)t = {v € V:v - x = 0}. Since
dimW = dimV — 7 < dimV
{ W n(x) = {03,

V =W @ (x). The statement is proven by induction.
Proposition 3.3. Denote the orbit of x under the action 0,,(C) on P(C™) by G, and the closure of G, in
P(V) by 2. Letx,x' € P(C™). If x" - x # 0and x" - x' # 0, then G, = G,

Proof. Let x,x’ € P(C™). Pick bases {e; = x, e,, ...,ep} and {f; = x', f5, ..., [} as in the lemma. Let
x"-x=x"-x'"=21. Since e] -e; 0 and f - f; # 0, we may assume that e} - e; = f' - f; = A for
alli > 2. Take g = (f}, fo -, f) (es, €5, ..., €)' Note that

(10)

(e e ren) (enenren) = (fi, o ) (F1 for o fo) = Al (11)
Hence, ((e;, €5, ...,e,)) ' - (es, €5 ., e)~ 1 = 2711,
Si (enesren)'g - glenen en) = (f1, fo s ) (F1 for s o) = Al (12)
Ince
9'g =2A((es ez .., ex)N! (e e e) =271, =1, (13)

g € G. Thus x'is in the orbit of x. Therefore G, = P(V) = G, and consequently 2, = £,
Proposition 3.4. Denote the orbit of x under the action 0,,(C) on P(C™)by G, and the closure of G, in
P(V) by 02,.. Let x,x' € P(C™). If x" - x = x" - x’ = 0, then G,. = G,

Proof. We begin by introducing the following claim.

Claim. Let nonzero x € V satisfy x" - x = 0. Then there exists a 2-dimensional subspace W c
V containing x and V = W @ W+ . Furthermore, the symmetric bilinear form on V — V taking
(x,y) = x" -y is nondegenerate.

Proof. Since x" - x = 0 and (x, y) = x' - y is nondegenerate, we can find y # x € Vsuchthatx" -y #
0.W = (x,y) is a 2-dimensional subspace of V. Let v € W so that v"-w = 0 for all w € W. Then
v = 0, so the bilinear form is nondegenerate on W. Similarly, the bilinear form is nondegenerate
onw+,

Letv e W nW+. Since v e W, express it asv = ax + by fora,b € C. Sinceve W, v'-x =
v' -y = 0. Hence,
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T, _
{ Tb(y x)T—O (14)
a(x'-y)+b(y -y)=0.

Sincex"-y=y"-x#0,a=b=0. Hence, v=0.WnWt={0}and soV =W @ W+. The
claim is proven.
By the claim,
V=W, ®W:=Ww,DWp
By Lemma 3.1, W, — Wt via an orthogonal matrix g'. Since W, and W, are 2-dimensional vector
spaces with induced bilinear forms, we can find another orthogonal matrix g taking W, - W, and
sending x » x'. Then g = g'g" € 0,(C) sends x ~ x', and thus there is an orthogonal matrix g €

0,,(C) such that x’ = gx. It follows that G, = G,

Proposition 3.5. The two orbits mentioned in Propositions 3.3 and 3.4 are not isomorphic.

Proof. This is due to dimension reasons. The orbit in Proposition 3.3 has dimension n — / whereas the

orbit in Proposition 3.4 has dimension n — 2.

As a corollary, all of these propositions are true for the closures as well.

3.3. The representation of GL,,(C) on M,,(C)

In this part, we prove Theorem 1.3 and discuss how can we use our method to get more general results.
Proposition 3.6. Here we use the assumptions on a and 8 as in Theorem 1.3. The linear map
¢: PM,, (C) = PM,,(C) of the form ¢p: A » aA + BTr(A) is a projective transformation that sendsG, to
Gy

Proof. The first k; X k; submatrix of ¢ (x) can be expressed as

1 «a
) 15
. (15)
A
while the first k; X k; submatrix of x’ can be expressed as
A,
) 16
; (16)
A
Let A be the following matrix:
1
1
a
1
= . ()]
1

We can easily verify that x'and ¢ (x) are conjugates by comparing each of these blocks:

//1, a //1, I \:A_]. -
\ / AU

Therefore, the map ¢ sends G, to G,

-1
Letgp'(A) =a 1A - %Tr(:ﬁl) be another linear map on PM,,(C) = PM,,(C). We can verify that

¢'is the inverse of ¢. Since ¢ has an inverse, it is a projective transformation, as desired.
Proof of Theorem 1.3. The proposition above proves that G, is projectively equivalent to G, Since the
projective transformation ¢: P™(C) - P™(C) is continuous, it sends limit points to limit points. Hence,
the closures 2, and 2, are projectively equivalent by the same projective transformation.
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Remark. In the proof of Theorem 1.3, we tried to find a linear map
¢: M (C) = My () (19)
satisfying

e p(gAg™") = gp(A)g~" for each A € M,,(C) and for each g € GL,,(C),

¢ ¢(x) is conjugate to x’, and

e ¢ is invertible.

Our construction was ¢: A = aA + fTr(A) for a # 0and a #= —nf. In fact, we can see that if ¢ is
satisfies the three conditions listed above, then ¢ must be of the form ¢p: A » aA + BTr(A) for a # 0
and a # —np (Lemma 3.7). For G, and G, to be projectively equivalent, the first condition in the list
above is more restrictive than necessary. One only needs to ask

VA € M,(C),Vg € GL,(C),32 € C* such that ¢p(gAg™") = Agp(A)g~". (20)

It would be interesting to explore whether the looser condition can give us a generalization of
Theorem 1.3.

Lemma 3.7. Let ¢: M,,(C) = M, (C) be a linear map such that for all g € GL,,(C) and for all A €
M, (C), ¢(gAg™") = gp(A)g~'. Then there exists 1,1, € C for which A; # 0, nd, # —1,, and
Proof. We view M,, (C) as a representation of GL,,(C) by

g.x:=gxg~'. (21)

Note that this representation is not irreducible. We can write M,,(C) = MJ(C) & CI,,, where
MI(C) = {A € M, (C):Tr(A) = 0}. [5, Chapter V] contains a proof of the following classical result.
Result. M2 (C) and CI,, are irreducible representations of GL,, (C).

Let ¢p: M,,(C) = M,,(C) be a morphism of representations ¢ = ¢y + ¢y; + ¢;9 + ¢, satisfying
the conditions of the Lemma, where

{‘PooiMr({(C) - Mp(0)
¢01:M3(C) - Cln (22)
$10: Cl, » M (C)
¢411:CL, - CI,.

Hence ¢y = al,, and ¢;; = BI,,, whereas ¢,; = ¢;p = 0, by Schur’s Lemma. Since ¢ must be

invertible, « # 0 and 8 # 0, and
¢ = aldyc, + Bldcy,. (23)

Let A € M, (C). We can write A = (A —~Tr(4)) + (- Tr(4)). Then,
P(A) =a <A - %nm) +B G Tr(A))

=aA + % (B — a)Tr(A4)

= AlA + /12T1‘(A)
Hence we have our desired values for 1; and 1,, and the lemma is proven.

3.4. The representation of 0,,(C)) on M, (C)
Proposition 3.8. If there exists a, 8,y € C such thata # +8, a + 8 # —ny, and y = ax + fx' +
yTr(x), then the linear map ¢: PM,(C) - PM,(C) of the form ¢: A » ad + BA"+ yTr(A) is a
projective transformation that sends G, to G,,.
Proof. Let us check that ¢p(gAg=") = g¢(A)g~' for all orthogonal matrices g. Notice that g' =
g~ 'for g an orthogonal matrix. Hence,
¢(9Ag™") = a(gAg") + B(gAg") +yTr(gAg™)

= a(gAgh) + B(gA'g") +yTr(4)

= g(ad + BA" +yTr(4))g'

= gpAg~".
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It follows that ¢ does indeed send G, to G,,.

Now we want to show that ¢ is invertible. Let be another linear map on PM,(C) - PM,(C). We
can verify that ¢’ is the inverse of ¢. Since ¢ has an inverse, it is a projective transformation, as
desired.

This proves Theorem 1.4,

Lemma 3.9. Letn > 3. Let ¢p: M,,(C) — M,,(C) be a linear map such that for all g € 0,,(C) and for
all A € M,,(C), p(gAg~") = gp(A)g~'. Then there exists a, B,y € C satisfying the conditions given
in Proposition 3.8 and such that ¢(4) = a4 + BA" + yTr(A).
Proof. The representation V of G can be expressed as

V= Sym° @ Cln @ Ant = V] 69 VZ 69 V3, (24)
where  Sym° = {y € M, (C):y" =y, Tr(y) =0} and Ant={y€e M,(C):y"'=-y} . The
representations Sym, CI,,, and Ant are non-isomorphic irreducible representations of G = 0,,(C) [5,
Chapter V]. Let ¢: V — V be an isomorphism on V. Then let ¢ = X; ;¢;; where ¢;: V; - V;.

By Schur’s Lemma, ¢ = 4;1dy, + A;1dy,, + A;1dy, for nonzero 4, 4,, and ;. For any x € M, (C),

_x+xT_|_x—xT_x+xT 1T()+[1T()_+x_xT
x=— = Tr(x - Tr()| |
€Sym® eCln €Ant
x+x" 1 i [x — xT
B0 = 4 [~ ~Tr(w) +/12[5Tr(x)]+/13_ =

We may pick a = %/11 + %13 , B = %/11 —%/13 , Y= %(/11 — A,), which satisfy the required
conditions.

4. Geometric applications
In this section, we exploit Theorem 1.3 to give some algebraic geometry results. To do this, we need to
introduce a linear algebra lemma (Lemma 4.1).

4.1. Alinear algebra lemma
Let x be an element in PM,, (C), with
T2,k
X~ . (25)
Ty

Lemma 4.1. Let 4,, ..., A,- be distinct. The closure £2, of the orbit of xunder the conjugation action of
the group GL,,(C) is the set of classes of matrices y € M,,(C) for which there exists x, € C* satisfying
the following condition:

det(y —T - 1) =TT, (xd; — T (26)
Proof. Let 8, be the set of classes of matrices y € M,,(C) for which there exists x, € C* satisfying the
following condition:

det(y =T - I,) = [Ii=; (xpd; — )"0 (27)

To show that 0, is the closure of the orbit G, of x, we need to prove that @, is closed in

PM,, (C) and that every element in 0, can be approximated by a sequence in G,.

Let us first prove the closedness of @,.. Each side of the equation (26) is a polynomial in 7. On the
left-hand-side, the coefficients of this polynomials are homogeneous polynomials in the entries of the
matrix y, whereas on the right-hand-side the coefficients are scalars expressed by x,and A; Comparing
the coefficients of the two sides, we get n + 7 equations that y must satisfy. Since x, is undetermined,
we wish to eliminate this variable. By doing so, we get n homogeneous polynomials that characterize
elements in 0, . Hence, 0, is the zero locus in PM,(C) of n homogeneous polynomials. By
Proposition 2.24, 0, is an intersection of closed subsets in PM,,(C) and is thus closed.
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Next, we show that every element in @, can be approximated by a sequence in G,. To this end, we
first prove a
Claim. @, contains exactly some x' € PM,,(C) such that if we regard x'as a representing matrix, x'is
similar to a matrix of the form

XoJa,k,

) 28
X0J a1k, (28)

X0J Ay ke,
where x, € C*and k;; + -+ kyy, = k; forevery i = 1,2, ..., 7.
Proof. Let J, denote the matrix in (28). Suppose that x’satisfies the condition in the Claim. Since x'
and J,.- are similar, we have J,. = Qx'Q~! for some Q € GL,(C). Suppose x’ € @,. Then
det(x =T -I,) = det(Q(x' — T - I,)Q")
=det(J, —T-1I)

T

T
=1 | cori-m-
i=1

Thus x' € 0, by the definition of @,.. Now we consider the inverse direction. Suppose that x' € 6,.
Since x'satisfies det(x’ — T - I,) = [['—; (x04; — T)¥i for some x, € C*, the Jordan normal form of
x'should be

L
det (xo]Ai,kij —-T- Ikii)
=1

] XAk
J XoA1K12

= : 29
Jx Testin, (29)

]xolrrkrlr
However, J,-and J, are similar by Lemma 4.2 below.
Lemma 4.2. Letay,...,ag_;, by, ..., bg—; be nonzero complex numbers. Let A be an arbitrary complex
number. Then the matrices

A oa
A a,
A= 30
1 (30)
A
and
A by
A b,
5 31
1 b, (31)
o A
are similar.
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Proof. We will define the sequence {a}x=; .. q4 Of nonzero complex numbers as follows. Set a; = 1.

For k > 1, inductively set a;, = %. Let Q = diag(a,, ..., az). Since each a is nonzero, the
1-Dg—1

matrix Q is invertible. We can easily check that B = QAQ .

This lemma concludes our proof of the claim.

Now let us return to the proof of Lemma 4.1. Let y € ®. We want to show that y can be
approximated by a sequence in G,.. By the claim, we may assume that the Jordan normal form of y, up
to scaling, is

hhku

]}L/,ku

Jy = Jagkn, , (32)

Tk,
The first k; X k; submatrix of J,, is:

(]Abkll \
A= Ja, ks .. , (33)
\ ]lhkn,/

which can be approximated by the sequence {A,,} define by
Al
Al

Ap = . . (34)
A I/n
A1
where each A,, is similar to J; ,, by Lemma 4.2. For each k; X k; submatrix of /,, we may do the
same process, and thus we can conclude that J,, can be approximated by a sequence in G,. Since y is

similar to /,, y can also be approximated by a sequence in G, as desired. Hence the proof of Lemma
4.1 is finished.

In the following two subsections, we will combine Theorem 1.3 and Lemma 4.1 to get some
interesting geometric results. The general idea is as follows. Theorem 1.3 gives us a condition on
which 2, and 0, are projectively equivalent, while Lemma 4.1 describes how we can write down
defining equations of (2, in PM,,(C) when x satisfies the assumption in Lemma 4.1. Combining these
two, one may get some nontrivial results in algebraic geometry. To illustrate how this machinery
works, we discuss in the following subsections the case when the size of the matricesisn = 2and n =
3. We give an easy geometric explanation for our results when n = 2. The results for n = 3 however
are already nontrivial.

42. n=2
We would like to write down the equation (26) explicitly. Let us distinguish three cases.
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421, Case 1. In this case, we suppose x~ (’1 /11) . By Lemma 41, 0,={ye€

PM,(C): 3x, s.t.det(y — Tl,) = (xyd — T)’}. Lety = (i; ﬁ) Then for y € 2, there must exist x,
such that

yvi—=T y 2
d t( ) = x = (A —T)>. 35
et(M 02 p) == A=) (35)
Expanding the two sides of the equation as polynomials in T, we find
(V1Ya = ¥2¥3) — 1 + ya)T + T? = x§A* = 2x0AT + T2, (36)

Comparing the coefficients, we get
{ym —Y2ys = x4 37)
Y1+ Vs = 2x4
Since x; is an undetermined variable, we eliminate it by combining the two above equations, and
we find

1
Y1Ya = Y2y3 = ;O + Va)?. (38)
Hence, the defining equation of 2, for x~ ()L /11)

Ar

4.2.2. Case 2. In this case, we suppose that x~( ) where 1; # A,. By Lemma 4.1, 2, = {y €

Vi Y2
V3 Va

A
EM;(C): 32y . det(y — T1y) = (xod; — T)(%p2; — T)}. Again let y = (
there must exist x, such that

). Then for y € 0,

yi—=T ¥y
dt( )= A= T)(xohs — T). 39
e ¥;3 y,—T (xo4; ) (x4 ) (39)
Expanding both sides of the equation as polynomials in the variable T, we find
V1Y = Y2¥3) — 1 +ya)T +T? = x5 A5 — X0 (A4 + 2)T + T2, (40)
which gives us

{}’1}’4 —V2Y3 = xglhlz’ (41)

Y1+ Vs =x0(A +43)

by comparing the coefficients of the polynomials in T. Similarly, we eliminate the undetermined
variable x, by combining these equations and find

(M +22)°(V1Ys — ¥2¥3) = AA(v1 + ya)?. (42)
A .

! /1): where 4; # 45, is (4; + 1)’ (V174 — y2y3) =
1, ,(y; + v,)°. Now we can apply Theorem 1.3 to get the following corollary.
Corollary 4.3. Suppose that 1; # A4, and A;'# +A,".Then the two surfaces defined by (4; +
LY 0ye—y23) =M@ +y) and (A + 202 (01ya — v2y3) = M4 (1 +ya)? are
projectively equivalent in P3,

Proof. Let x~ (’1’ 1 )and x'~ (/11 1 ,) with A; # A,and A;" # +4,". By Theorem 1.3, we know
2 2

Hence, the defining equation of 2, for x~ (

that if there exist «, 8 satisfying a # 0 and @« = —3 such that
{/11 '=ad;+ B4+ 1) (43)
AZ' = alz + ﬂ(/l, + /‘{2)’

then £, is projectively equivalent to 2, By writing down the condition (43) explicitly, we find that

A, # A, and A," # +4,". Corollary 4.3 follows, as the defining equations for 2, and £, were

calculated above.

Remark. In fact, Corollary 4.3 can be proved without the machinery that we developed in the article.

It can be viewed as a direct consequence of the following well-known algebraic geometry fact [6]:

Let Y and Y'be smooth quadric hypersurfaces in P"*(C). Then Y and Y are projectively equivalent in
P (C).
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One checks readily that under the assumption of Corollary 4.3, the quadric surfaces in question are
smooth. Thus they are projectively equivalent in P3(C).

. . 11 : o (10
4.2.3. Case 3. In this case, we consider x~( /1). This case is trivial: 2, = G, = {(0 1)} c
P3(C).
43. n=3
We need to write down the equation (26) explicitly when the size of the matrices is n = 3.
A1
4.3.1. Case 1. In this case, we suppose that x~ A 1]. By Lemma 41, 0, ={y€
A

Vi1 Viz Vi3
PM;(C): 3x, s.t.det(y — Tl,) = (xoA —T)3}. Let y =| Y21 Y22 Y23 | .Then for y € 2, there

Y31 Y32 V33
must exist x, such that

yu—=T  yn Vi3
det| vy  Y2—T yi |=(xA-T). (44)
V31 Y2 Yi3—T

Expanding both sides of the equation as polynomials in T, we find

(V11Y22Y33 + Y12Y23Y31 + Y21Y32Y13 — V31Y13Y22 — Y21Y12Y33 — Y32Y23Y11)
+(V31Y13 + Y2112 + V32V23 — Y11V22 — Yi1Yaz — Y22Y33)T + (11 + Y2z + ¥33)T? —(T?)’
45
= x3A3 — 3x32%T + 3x,AT? — T3,
Comparing the coefficients, we have
Y11Y22Y¥33 T Y12¥23Y31 + V21Y32Y13 — Y31Y13Y22 — Y21Y12Y33 — ¥Y32¥23Y11 = x(?)’lg

Y31Y13 + Y21Y12 + Y3223 — Y1122 — Yi1Yaz — Y22Y33 = —3x§A* (46)
Y11 + Y22 + ¥33 = 3x04.
Eliminating the undetermined variable x,, we get

I
YirY22¥ss + ViaY2s¥sr + Yar¥saVis = V3i¥is¥ar — YarVizVss = ¥32¥as¥u = 5 Wi + ¥22 + ¥33)°

47
Y31¥13+ Y21Yi2 ¥ Y32Y23 = Y1uVa2 = YuYa2 — Y22¥33 = _§(3’11 + Y22+ ¥33)° “n
A1
The above system of equations defines £2,, in P8(C) for x~ ( A1 )
A
A1
4.3.2. Case 2. In this case, we suppose that x~ A with 1; # 1,. By Lemma 4.1, 2, =
A2

Y11 Viz Vi3
{y € PM5(C):3xy s.t.det(y — Tl3) = (xoAy — T)?(x9d, — T)}. Lety = (3&1 Y22 3’23). Then for

Y31 Y32 Y33

y € ), there must exist x, such that
yu—T yi Vi3
det( Yar  Ya2—T ¥ ) = (xpA; — T)? (xp4, = T). (48)
V3 Y2 Y3 —T

Expanding both sides as polynomials in T, we find

(r11Y22Y33 t ¥12Y23Y31 T Y21¥32Y13 — Y31Y13Y22 — Y21Y12Y33 — V32Y23Y11)

+(V31Y13 + Y2112 + V32V23 — Y11V22 — Yi1Yaz — Y22Y33)T + (i1 + Yoz + ¥33)T* = T3
(49)
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= x3222, — x2 (2 Ay + ADT + x0(241 + 1,)T? — T3,
Comparing the coefficients of both sides, we get the following system of equations.
Y11Y22Y33 t ¥12Y23Y31 t ¥21Y32¥13 — ¥31V13Y22 — Y21Y12Y33 — Y32Y23Y11 = ng3
Y3113 + Y21V12 + Y32¥23 — Yi1Yaz — Y1122 — Y22Y33 = —x§ (2414, + A5) (50)

o Yt Yoty = x0(2244 +_/12)- _
we eliminate the undetermined variable x and get the following system of equations.

(24, + /12)3(}’1137223’33 + V12Y23Y310 + V21YV32Y13 — V31Y13Y22 — Y21V 12Y33 — V32Y23V11)
= 000+ v +33)°

51
QA+ Y’ D31Y13 + Y21Y12 + Y32Y23 = YirYor — YirYss — Y5,Y33) 1)
= —QUA + 2D + y22 + ¥33)°.
a1
This is the system of equations that defines 2, c P8(C) for x~ A . Following the

Az
notation given in the Introduction, we let Y, . denote the projective variety defined by this system of
equations. We can now use Theorem 1.3 to prove the following.
Corollary 4.4. Given two pairs of distinct complex numbers (4,,4,)and (1;',1,") , suppose that
e either (4,,4,) is proportional to (4, 4,") up to a nonzero constant,
« or the following conditions hold
Ay #= =24
QAL + )4, # 2,4, (52)
204 + 24" # (B — )4,
Then the projective varieties Yy, ;,and ¥} , ;,, are projectively equivalent in P8,
A1 P |
Proof. Let x~ A and x'~ A ,with1; # 1,and A, # 1,". By Theorem 1.3,
Az A2
we know that if there exist a, § that satisfy « # 0 and a # —2 such that
{A],= (ZA]+,8(2/1]+/12) (53)
Az' = a’lz + B(Z/l] + /12)’
then (2, is projectively equivalent to 2, By writing down the condition (53) explicitly, we find that
the three listed conditions allow for the existence of such a and §. Corollary 4.4 follows as the
defining equations for 2, and 2, were calculated above.

A
4.3.3. Case 3. In this case, we suppose that x~ A, with 14, 1,, A5 distinct. By Lemma 4.1,
A3
..Qx = {y € ]P)M3(C)' Elxo Stdet(y — TI3) = (.XOﬂ.l — T)(XOAZ — T)(XOA3 — T)} . Let y =
Y11 Y12 Vi3
<}’z1 Y22 }’23>. Then for y € 12, there must exist x, such that
Y31 Y32 V33
yu—T Y Vi3
det| Y2  Y—T  yi3 |=(xpd; —T)(xpd; —T)(xpAd; —T). (54)
V31 Y32 y3—T
Expanding both sides as polynomials in T, we find
(11Y22¥33 t ¥12Y23Y31 T Y21¥32Y13 — Y31Y13Y22 — Y21Y12Y33 — V32Y23Y11)
+(V31Y13 + Y2112 + V32V23 — Y11V22 — Yi1Yaz — Y22Y33)T + (11 + Y2z + ¥33)T? —( T?;
55
= x8/11/12/13 — x2(M Ay + Ax3 + 34T + xo(A, + A, + A3)T2 — T3,
Comparing the coefficients of both sides, we get the following system of equations.
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Y11Y22Y33 T Y12¥23Y31 + V21Y32Y13 — V31Y13Y22 — Y21Y12Y33 — ¥Y32Y23Y11 = x3/111213

Y31Y13 + Y21V12 + Y32Y23 — Y1122 — Y11V22 — Y22Y33 = —X6 (M1 + A3 + A344)
Y11+ Va2 + Y33 = xo(A + 1 + 43).
we eliminate the undetermined variable x, and get the following system of equations.
(A1 + 2+ 3 Viuya2yss + Yi2Y23Y31 + V21Y32Y13 — Y31V13Y22 — Y21V 1233 — Y32¥23Y11)
= L1 + y2r + ¥33)°

56
A+ 4+ 13)2(3/313/13 TYYi2tY32Yos =YY = ViV~ V22Y33) (50)
= —(Ld+ A5 + A, + 55, +y35)
A
The above system of equations defines £, in P#(C) for x~ y with A;, 1,, A; distinct.

A3
Following similar notation as given in the previous case, we define a projective variety ¥; ;, ;."in P®
of points with homogeneous coordinates [y;;: V;2: V131 Y21 Va2: Va3: V31t Y32t V33] satisfying the system
of equations in (56).
Corollary 4.5. Given two triples of distinct complex numbers (4;,4,,4;3)and (1;',1,', 13", suppose
that
« either (1;, A,, 43) is proportional to (1,',1,",A3") up to a nonzero constant,
« or the following conditions hold
MAy = A + A" 03 — ,23" + 434 — 434" =0
M+, +23#0
M+ +2"#0
20 # A, + A3
204" #F= A+ A5
Then the projective varieties Y; 4, »." and are projectively equivalent in P8,
M A
Proof. Let x~ Ay and x'~ A’ , With A;, 4,5, A; distinct (resp. 1,°,1,",435"). By
A3 A3’

Theorem 1.3, we know that if there exist a, § that satisfy a # 0and a + —38 such that

/1],= a’A] +B(A] +/12 +/13)

/12,= (ZAQ+B(A]+)12+)13), (57)

/13, = a’/13 + B(A] + /12 + /13)
then (2, is projectively equivalent to £2,... Given the five listed conditions, we find that there exist a =

W and satisfying condition (57). Corollary 4.5 follows as the defining equations for 2, and
1= /42713

0, were calculated above.

5. Conclusion

Although the classification of orbits for any algebraic group action on projective spaces seems to be
out of reach for the moment, we manage to give efficient criteria to determine when two orbits are
projectively equivalent for the four families of explicit examples we presented in the Introduction. We
also find interesting geometric applications of our research.
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