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Abstract. Mathematicians began to study a series of properties about numbers a long time ago,
and a new field of mathematics, the number theory, was born from this. Some special properties
of numbers in the number theory make mathematicians use the knowledge of group theory to
make some ingenious answers when considering some problems. In the analytic number theory,
equations related to numbers have always been a concern of mathematicians. The most famous
Fermat's last theorem also brought long-term troubles to countless mathematicians and was
finally proved by the British mathematician Wiles. Many famous theorems also prove that some
problems in the number theory can be solved by thinking in relation to other algebraic

knowledge. This paper focuses on the factoring primes and constructs prime ideals ofO . = Z[]
lying above a prim P from irreducible factors of E € Z] p[x]. The paper also shows that these
are all prime ideals lying above P . Based on these theorems and definitions, as a simple
application of the theory, this paper first considers which primes can be written as sums of two
squares, then the second part of this paper gives the answer: P is a sum of two squares if and
only if p=lmod 4,
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1. Introduction

For algebraic number theory [1], the overall understanding process starts with defining some basic
algebraic number theory annotations, such as algebraic numbers and integers [2], number fields, rings
of integers, norm and discriminant, fractional ideals, and class groups and lattices. As one of the most
essential parts of algebraic number theory, factorising prime numbers into prime ideals of a ring of
integers and applying it in the case of simple number fields (such as quadratic fields) is very important
intermediate knowledge. Only after mastering the basic definition and such a decomposition relationship
can the following Minkowski’s first theorem be introduced to try to compute class numbers and class
groups of simple number fields. This paper can be divided into two parts, describing the process of
decomposition of prime ideals and the corresponding applications, respectively. To be more specific, it
discusses what kind of prime numbers can be written in the form of a sum of two integer squares, which
is a very classical part of algebraic number theory.

The most important part of the first part is that if we give a number field, give the corresponding ring of
integers and have a minimal polynomial, then we can perform in the given number field for some given
prime numbers. break down. The second part gives more inspiration when we consider an algebraic
decomposition problem, in addition to analyzing the properties of the number itself, we can also use the

© 2023 The Authors. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(https://creativecommons.org/licenses/by/4.0/).

18



Proceedings of the 3rd International Conference on Computing Innovation and Applied Physics
DOI: 10.54254/2753-8818/13/20240744

properties of groups, rings, and fields on the basis of group theory. Considering the problem, this actually
inspires us to think about the problem from many aspects when facing Fermat's last theorem.

2. Factoring primes

2.1. Some basic definitions
Several concepts of algebraic number theory have a pivotal role [3]: numbers, polynomials, and
equations. So this paper gives definitions of some of the core terms before discussing the central issues.
First of all, for numbers that people have a lot of contact with, the more special numbers in algebraic
number theory are algebraic numbers and transcendental numbers [4]. Based on this background, the
following are some definitions.

Definition 2.1. A complex number ¢ € C is called algebraic if there is a non-zero polynomials
f el [x]with f(ex) =0.If & is not algebraic, it is called transcendental.

Definition 2.2. The number field generated by an algebraic number ¢ € C is the smallest subfield of
(C that contains @ . We denote this field by [ (¢r).

A subfield F ~(Cis an algebraic number field (or a number field) if /' = («)for an algebraic
number g € C .

Definition 2.3. A complex number ¢ € C is an algebraic integer if there is a monic polynomial
f eZ[x]with f(a)=0.

Definition 24. Let I be a number field. The ringQ = Z.AF consisting of all algebraic integers in

F is called the ring of integers of F' , where the set 77 of algebraic integers is a subring of C .

2.2. Prime ideals
Lemma 2.5. Let " be a number field and P O . a non-zero prime ideal [5]. Then P ~Z, is a non-

zero prime ideal of 7, , so PNZ = <p> c 7, for aprime P .

Proof. fa,be PNZ,re7  ,thena+be PN7Z ,rac PN7Z,then P 7is an ideal of 7, . If we
have a,b € Zsuch thatgh € PN7Z , since Pis a prime ideal, theng e Porp e P . Sincea,b € 7., we
can getqe PNZorbe PNZ ,thus P~ 7 is a prime ideal of 7, . Lety € P,cx 0 . We konw that
N(a)e PNZ,and N(ax) # 0. Hence, P N7 # 0 . As a non-zero prime ideal of 7, , it must have the

form PNZ = <p>for aprime P .

Definition 2.6. Let P be a prime. The prime ideals £,..., P appearing in the prime ideal factorization
pO P = Ple1 Pff of p0 ,.are said to be lying above P [6].

Lemma 2.7. Let P be a prime, P a prime ideal of O, . Then P lies above P if and only if
PNZ=(p)cZ.

Proof. 1f P lies above P , it appears in the prime ideal factorisation of pO, . Thus,
pO, =P°...P"  P.Then,pe PNZ. Since P 7, is a prime ideal<q> c Zby Lemma 2.5, withq
is a prime, then it can get é p-thusq¢=p.

fPNZ = <p>, then p € P, thus pO,. C Z, by the properties of ideals of O ,.: "To contain is to
divide", thus H’ PO - Therefore, if pO P Pf‘ PrL is the prime ideal factorisation of pO > We must

have P = Pfor somei .
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Theorem 2.8. Let [ be a number field and assume thatO, =Z[«a], for somex €0 .. Let P be
prime and g € Z[x]a monic polynomial, such that g € Z ,[x]is irreducible over 7 ,and divides JTa
where £ is the minimal polynomial. Then the ideal P = < D, g(a)> is a prime ideal of O ,.. Moreover, P
lies above P and N(P)= pdeg(g) .

Proof. We consider the residue class field /' =7, [x]/ <§> .Recall thatZ[a|={f(a): f € Z[x]}.
A function @ : Z[ar] — F'is defined by settingd( f(x)) = ]_‘ + <§> . If f(a)=h(a), then £, divides
f—h,thus f—h=qf whereq €[ [x]. By Gauss Lemma, it is found that A e[ C {0}, such that
Af,, ﬂ,_lq € Z[x]. Since f, is monic, then 1 € Z . However,jjlq € Z[x]implies thatg € Z[x]. Thus
f =h+qf, where q € Z[ x]. Sincegfx, thenJTa c <g> , thus]_‘+<g> = ];+677a+<§> = }7+<g>and
@is well defined. It is clearly a ring homomorphism and subjective. Consider the ideal P = ker(¢) of
Z[a]=0 .. By the First Isomorphism Theorem,’:0, / P — F is an isomorphism, then O, /P is
a field with pdeg (¢) elements. Therefore, P is a maximal ideal of O rand a prime ideal with
N(P)= pdeg(g) .

We just need to show that P = <p,g(a)> . First, since p =0, we have ¢(p) = 1_)+<§> =0,.
Moreover, g(ax) € P, as ¢(g(a)) =g +<§> =0, . Thus <p,g(a)> < P. Conversely, let f(a)e P.
Then f € <§>, ) f = }_zg, for some /1 € Z[x]. Then the polynomials f and /; § are congruent modulo
P, so all coefficients of f — hg are divisible by P . Hence, there is a polynomial 7 € Z[x], such that
f=hg+pr . Plugging in @ , f(a)=ha)g(a)+pr(a)e <p, g(a)> is obtained. Thus
P= <p, g(a)> . Since p € P, we have p e PNZ. By Lemma 2.5, P~ 7 is a prime ideal of 7 that
contains P ,thus PNZ = < p>. By Lemma 2.7, it shows that P lies above P .

2.3. Factoring prime
Theorem 2.9. Let ' be a number field and assume thatO ,. = Z[« ] for somex €0 .. Let P be prime

and fa =g b g " be the factorization of fa I= Zp[ x] [7] into irreducibles. That is, g8, € Z[x] are
monic polynomials, such that theg_l,are distinct and irreducible inZ ,[x], ande,,...,e, € ® . Then the
prime ideals of O .. lying above P are precisely the ideals P = < D, & (a)> , fori e {l,...,r}. The ideal
< p> = pO Fof 0 Ffactorises into prime ideals as pO P = pl@] P,e

Proof. It is known from Theorem 2.8 that all £, are prime ideals with N(P) = pd" , where
d, =deg(g;). From the factorization?a = g_]e‘ g_’e , it can getd,e +...4+d e =deg(f,),since all
g, are monic, deg(g,) = deg(g,) - For arbitrary ideals 1, J;,J,0f O ., Equation (1) is obtained:

U+I)U+T)=0+1,+,+JJ,cI+I+1+JJ,=1+JJ,. (1)

Applying this inductively to the P = < D8 (a)> = < p> + < g, (a)> , Equation (2) is obtained:

PP c(p)+(g(@)" ..{g, @) =(p.g(@)"..g.(@) ) =(p). 2)
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—e,

The last equality holds due tofx - g_le‘ g, »as then p divides all coefficients of fa — gfl gff , SO
g'..gr =f, +ph , for some heZ[x] . But then
g(a)'..g.(@)" = f,(a)+ ph(a) = ph(a) € pO,. =(p).

Thus, < p>{ P*...P%is obtained and hence < p> = Plkl Bk with 0 <k, < e . Hence, the P.is indeed the

only prime ideals of O . lying above P . Moreover, Equation (3) is obtained:
deg(f,) _ [FI1 _ _ _ ky ke _ o dikted,k,
p* = P S NP = N(p) = N(B)"..N(B)" = p*" %, 3)
Compare this tode, +...+d e = deg(f,)to conclude that k, = ¢ for all; .

3. Primes as sums of two squares
Lemma 3.1. Let P be an odd prime, such that p = g* + b*, witha,b € Z. Then p=1mod 4.

Proof. Since () = (), 1> =1 22 —4=0mod 4and3* =9 =1 mod 4, we found that squares are
always congruent to O or | modulo 4 . If P is a sum of two squares, then p=0,1,2 mod4 . Then
p =0 mod 41is impossible and the only prime congruent to 2 modulo 4is 2 .

The less trivial reverse direction will be proved, showing that every prime p =1mod 4 can be
written as p = q” + b, witha,b € Z . This will be done by factoring the ideal pZ[i]in the ring of
integers Z[i]of [ (7). The factorisation depends on the roots of f; = x> +1inZ "

Lemma 3.2. Let p =1 mod 4be a prime. Then —]is a square modulo P , i.e., there isc € Z with
~1’=cmod p-

Proof. Let g be a generator of Z; , then Z; = <§> and write p —1 = 4k . By Fermat's Little Theorem,
then | = g/ = §4k . The polynomial x> —1 = (x—T)(x+T) has only two roots y —+1 . Thus
g’ =+1.1f g =1,50g can not generate all of Z , as then 27 =g’ mod p.so the powers g’
,fori €{0,..., p—1}capture only 2k = (p—1)/2 elements on; .Hence,—1 = gz" = (gk )*and thus,
—1is a square modulo P .

Theorem 3.3. Let P be an odd prime. Then P is a sum of two squares if and only if p=1mod 4

[8.9].
Proof. From Lemma 3.1, it is known that the "only if" part has been proved, so let us prove the "if"

part. Let /"= (i) , then O, =Z[i] . Consider the factorisation of the ideal pO, and note that

fa =x>+1. By Lemma 3.2, there is ¢ € 7 , such that —] = ¢ mod p- Thus Equation (4) is obtained:

f,=x*+1=x"-¢’=(x+c)(x—0). “4)

Ifc=—cmod p,then2c=0mod p.Since p > 2, so there is only one possible value: €= P, but
that is impossible because 2 =—1mod p> thus ¢ # —c mod p, so these are two distinct roots. Hence,
P is split inO ,and pO, = B P,, for two distinct prime ideals P, with N(P) = p. Since every ideal of
Z[i]is principle. Hence, P = <7r> , for some 7w =a+bieZ[i]. Since 7 € Z[i] and 7 #0, then
Equation (5) is obtained:

p=N(B)=N((n))=| N(n)|=(a+biYa—bi)=a’ +b. (5)
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4. Conclusion

This paper describes the process of decomposition of prime ideals and the corresponding applications:
i.e., it discusses what kind of prime numbers can be written in the form of a sum of two integer squares
and we got the result that for odd prime P , it is a sum of two squares if and only if p =1mod 4 this
part is a very classical part of algebraic number theory, on the basis of which if Minkowski bound and
class groups, etc. are introduced, the property of the unique factorization domain (UFD) can be used to
solve some problems about the Diophantine equations [10]. For instance, it can be shown that there are
no x,ye€Z with x*4+5=y", which in the long run will be useful for the proof of Fermat's Last
Theorem.

In the proof of the theorem, we use the fact that every ideal in Z[i]is principle, we did not present the
proof of this result in the article due to space constraints. Also, Theorem 2.9 can be applied to many
number fields, but not all of them, that is because the assumption O P = Z]a], for some algebraic

integer @ . But for many number fields, such an & does not exist, we just found such & for quadratic and
cyclotomic fields. Therefore, the results given in this article actually have certain limitations. On the
basis of this problem, we can gradually try to use the idea of decomposition to consider proof of the
special case of the Fermat’s last theorem for regular primes.
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