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Abstract. Set theory undoubtedly serves as the cornerstone for mathematics. Furthermore, the
acceptance and inclusion of specific pivotal axioms within set theory profoundly shape our
understanding of the mathematical panorama. These axioms can directly affect the robustness of
essential mathematical structures within various mathematical subfields. The axiom of choice
(AC) stands out as one of the most debated axioms, with its controversies largely stemming from
its non-constructive nature and counterintuitive outcomes, such as the Banach-Tarski theorem.
Present investigations into the repercussions of weak and strong variations of AC tend to zero in
on particular, isolated systems. However, a comprehensive high-level examination of the
implications of these AC variants is notably absent. This study systematically scrutinizes the
impact of both strong and weak versions of the axiom of choice on foundational mathematics
and its subdivisions. The findings reveal that many elementary and core theorems can be
demonstrated using weaker versions of AC. In contrast, more sophisticated or generalized
outcomes, like Tychonoff’s theorem, necessitate the full strength of AC. Additionally, this study
delves into how potent versions of AC might yield valuable, albeit occasionally more constrained,
outcomes in specific mathematical domains.
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1. Introduction

Set theory is often attributed as the foundation of modern mathematics. In particular, it is because it was
discovered that a fairly large number of mathematical constructs could be expressed inside the set theory
[1]. Therefore obviously, the axioms used to regulate the set theory have a great influence on the other
mathematical constructs that depend on the set theory. Remarkably, the axiom of choice (AC) is one of
the nine axioms in set theory that has played a central role in the development of mathematics. It allows
for the construction of subsets by using the choice function to select one element from each set in a
collection of sets, even when there are an infinite number of sets or lacking a specific rule for selection.
While it was initially controversial when it was introduced by mathematician Ernst Zermelo in 1904,
AC has since become widely accepted as a foundational principle in mathematics [2]. However, some
counterintuitive applications of the axiom of choice, such as the Banach-Tarski theorem, caused more
mathematicians to do research on the axiom of choice, and try to give proofs without using AC.
Justification for doing so, according to Ivan Khatchatourian, is that: “Proofs that make no use of AC are
usually very constructive, in the sense that if they prove some object exists, they tend to explicitly
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construct it. Proofs that do use AC often involve steps where we just ask AC to give us elements of sets,
and then we work with them even though we know nothing else about them” [3]. It was also discovered
that the axiom of choice could be shipped with various strengths, ranging from weak to strong versions
[4]. The strength of AC refers to the extent to which people can utilize the axiom of choice [5]. Stronger
variants of AC imply AC and often other results, while weaker variants of AC might only allow AC with
certain restrictions (like the axiom of countable choice (AC,)) which only allows selection of elements
inside a countable collection of sets). These different variants of AC have significant implications for
the foundations and branches of mathematics, and exploring their influence is crucial to understanding
the overall structure and development of mathematics. Current research into AC is mainly about
resembling a reverse mathematics-like approach to proof theorems or providing mathematical
constructions inside certain subbranches without utilizing the axiom of choice or at least only making
use of a weak version of it. Hrbacek and G. Katz formulated two axiomatic systems, SPOT (conservative
extension of ZF) and SCOT (conservative extension of ZF+DC) for handling infinitesimals in
mathematics analysis [6]. Fuchino recently examined, in particular, how AC was applied in the
variations of Tychonoft’s Theorem. Harrison-Trainor and Kulshreshtha axiomatized principles needed
for reasoning about the size of sets without using AC [7]. These are all specific research in isolated fields
about variants of AC. It’s not hard to see that there is a research gap in the high-level examination of the
implications of variants of AC. Therefore, the significance of this study lies in its systematic, high-level
scrutiny of how various formulations of the Axiom of Choice (AC)—in both its strong and weak
variants—affect the very foundations of mathematical theory. By delving into the nuances of different
incarnations of this pivotal axiom, the research aims to shed new light on its integral role across multiple
mathematical domains. Moreover, the study explores how the relative strength of the Axiom of Choice
has consequential ripple effects across various subfields of mathematics. This is not merely an academic
exercise; the understanding gleaned has practical applications in elucidating the structural integrity of
mathematical objects and the stability of the mathematical constructs they inform. In key areas such as
measure theory and mathematical analysis, the veracity of the Axiom of Choice is intimately tied to both
foundational postulates and critical theorems. Therefore, a systematic review of the strong and weak
variants of AC promises to offer a more organized, comprehensive, and elevated perspective than
previous research, which often focused on the axiom’s impact in isolated contexts. In summary, this
investigation aims to provide a panoramic view of the Axiom of Choice’s significance, thereby enriching
our understanding of its multifaceted impact on the landscape of mathematics.

2. Comparative Analysis

2.1. Preliminaries

Zermelo first formulated the axiom of choice in 1904 in order to establish a fundamental idea of Cantor’s
set theory that every set can be well-ordered (known as the well-ordering theorem). However, his
introduction of this axiom in 1904, along with its subsequent applications, stirred significant controversy
among mathematicians of that era.

2.1.1. Choice function. Suppose there is a non-empty set X, then a choice function for X is a function
f: X — U X such that f(x) € X for all x € X.

2.1.2. Axiom of choice (AC). Any non-empty set X containing non-empty subsets has a choice function.

Unrigorously speaking, AC asserts that there is always a way of choosing elements one by one from
a collection of sets, even when the collection is infinite. By using the axiom of choice, Banach and Tarski
were able to formulate the Banach-Tarski theorem that allows a ball in a normal Euclidean space to be
doubled or even be cloned an infinite number of times [8]. This controversial result is still, to these days,
considered to be one of the most unintuitive applications of AC [9].

2.1.3. Negation of the Axiom of choice (—AC). The following statements are equivalent to —AC:
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o Failure of the Law of Trichotomy for cardinal (i.e., there could be two incomparable cardinals)
[10].

o All subsets of the set of real numbers are measurable.

o Existence of vector spaces which have no basis [11].

2.2. Exploring the Implications of Weak Variants of the Axiom of Choice

2.2.1. Overview of Weak Variants. The Case of AC. There are various weak variants for AC. The first
one would be the axiom of dependent choice (DC), which was introduced in 1942 by Paul Bernays
during the investigation of new axioms needed for ZFC to develop analysis [12].

(Axiom of Dependent Choice (DC)). Suppose ~x is a total relation defined on X (i.e.a~x b V
b ~x a for any a, b in X), then DC could be formalized as the following [13]:

For every non-empty set X, there exists a sequence of objects, x,, (with n € N) such that
{xn, xn41} € ~x [14].

The designation “dependent choice” was given because every available choice (made in x,,1) is
contingent upon the preceding choice (in x;,). Among all the weak variants that were introduced in the
paper except BPI, DC was the strongest one.

(Countable Axiom of Choice (AC,,)). For any non-empty countable set X containing non-empty sets,
there is a choice function for X.

AC,, is strictly weaker than DC [15].

(Axiom of Multiple Choice (MC)). For any non-empty set X containing non-empty sets, there is a
function f such that f(x) gives a non-empty finite subset of x forall x € X .

(Countable Axiom of Multiple Choice (CMC)). For any non-empty countable set X containing non-
empty sets, there is a function f such that f(x) gives a non-empty finite subset of x for all x € X.

MC is equivalent to AC while CMC is implied from CC.

(Finite Axiom of Choice (FAC)). For any non-empty set X containing non-empty finite sets, there is
a choice function for X.

(Boolean Prime Ideal (BPI)). A prime ideal exists in every Boolean algebra [16]. BPI implies FAC
and the ultrafilter lemma.

(Ultrafilter lemma (UL)). Every filter defined on X could be extended to an ultrafilter.
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The Case of —AC.
As shown in Figure 1. There are a couple of weak axiom variants that negate AC as well.

2.2.2. Analytical Assessment. In topology, weaker variants of the axiom of choice are already enough
for some constructs and theorems in mathematics. Specifically, Keremedis showed that AC,, and CMC
imply the following four statements [17]:

Metrizable spaces remain metrizable when subjected to countable products (by CMC).

Second countable spaces remain second countable when taking countable products of them (by AC,,).

First countable spaces preserve their first countability under countable products (by CMC).

Separable Hausdorff space stays separable under countable products (by AC,,).

Howard and Rubin, in their book, also mentioned a couple of other results from AC,, in topology:

A Lindelof property holds for the disjoint union of a countable set of compact T, spaces.

Every g-compact space is Lindelof.

In addition, Kelley’s theorem (or the ultranet’s lemma: every net has a universal subnet) only needs
BPI to be proved. In Howard and Rubin’s book, there are a lot of general topological theorems that could
be derived from only using AC,,, CMC or other weak variants. Even though the full Baire Category
theorem, being attributed as “one of the principal avenues through which applications of completeness
are made in classical and functional analysis” could not be proved, a special form of Baire Category
theorem that only works filter complete metric spaces is provable from DC. According to Jia, the Axiom
of Dependent Choice can establish several desirable properties within the field of topology but not
beyond that [18].

In fact, the principle of the construction of the ultrafilter (ultrafilter lemma) is directly implied by
BPI, which is one of the weak variants of AC. Ultrafilter is one of the important constructions in
mathematics that has a lot of profound impacts on not only the subbranches of mathematics but also
other scientific studies [19]. Interestingly, one can use ultrafilter to prove Arrow’s theorem in the social
choice theory field [20]. Ultrafilter lemma and Tychonoff’s theorem (when applied to Hausdorff spaces)
are equivalent as well.

One of the weak variants of the axiom of choice, the ultrafilter lemma or BPI is sufficient to prove
the compactness theorem that is fundamental in the field of mathematical logic. The compactness
theorem is equivalent to the completeness theorem and could derive a lot of important results in model
theory and logic (and also in other fields like combinatorics and algebra), for example, the statement
“Every set could be totally ordered”. It could also help to precisely discover and determine the strength
of the specific logic systems.

In set theory and model theory, several fundamental theorems could be shown using UL. The
presence of ultraproducts that are non-trivial, is one such result [21].

The existence of non-measurable sets is implied by BPI. This phenomenon could be considered to
bring new insights into the mathematical landscape and also introduce counterintuitive results like the
Banach-Tarski theorem.

In algebra, there are several basic results that could be proved using a weakened variant of the axiom
of choice. An example of this is the statement “Every field has an algebraic closure” which is shown to
be equivalent to the compactness theorem (and could be deduced from UL or BPI as mentioned before)
[22]. Also, using BPI, one can show Stone’s representation theorem for Boolean algebras (which is
important as it bridges Boolean algebra with zero-dimensional compact T, spaces).

BPI implies the Hahn-Banach theorem, which is an important theorem in the field of functional
analysis. The Hahn-Banach theorem shows that on every normed vector space, there exists certain linear
functionals. There are also recent works being done by Hrbacek and G. Katz utilizing only DC to create
a theory (SCOT, which is a conservative extension based of ZFC+DC) that could used to handle
infinitesimals used in non-standard analysis.
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2.3. Assessing the Implications of Strong Variants of the Axiom of Choice

2.3.1. Overview of Strong Variants. The case for AC.
There are several strong variants for AC.
Axiom of constructability (V = L). The axiom of constructability could be stated in two forms:
Every set is constructible.
For every set X, there exists an ordinal a, such that X € L, where L is the constructible universe.
Generalized continuum hypothesis (GCH). There exist no intermediate cardinalities between the
cardinality of an infinite set and the cardinality of its power set (i.e. Xy, = 2%« for all ordinal a) [23].
The case for —AC.
There are several strong variants for —=AC.
Axiom of determinacy (AD). Every set of reals is determined. As shown in Figure 2.

V=L

GCH

N

*
‘ AD H CH
——
-AC AC

Figure 2. Axioms strength (decreasing gradually from the top). AD only implies a special form of CH
that states: There’s no set whose cardinality is strictly between the cardinality of N and the cardinality
of R (Corn & Ross, n.d.) (Photo/Picture credit: Original).

2.3.2. Analytical Assessment. The axiom of constructability implies the axiom of choice and notably
gives answers to some interesting questions, specifically, V=L implies GCH, the negation of Suslin’s
hypothesis and the affirmation of Whitehead’s conjecture [24-26]. Since V=L makes the whole set
universe constructible, there exists a well-ordering for V, the class of all sets. However, the problem with
V=L is that it greatly limits the ontologies in mathematics, and on some level, strangled the existence of
large cardinals [27, 28]. In particular, Scott proved that the existence of measurable cardinal implies V #
L [29]. The research on large cardinals allows (and in fact, is an extremely useful tool for the following):
(1) pinpointing the strength of axioms and examining their relationship with large cardinals (one
example that was given by Woodin is that extremely large cardinals are at some level, trying to “mimic”
the axiom of choice) and (2) use axioms like “The existence of ... cardinal” (often referred as large
cardinal axioms) to replace common axioms for proving or constructing things (like the Grothendick’s
universe) [30]. The adoption of the axiom of constructability would mean giving up on such nice tools,
though there has been attempt to bolster this axiom so that the model could hold large cardinals (like
Woodin’s Ultimate-L program) [31]. It is also worth known that some mathematicians think that the fact
that V=L provides definite answers to certain questions also, on some level, damaged the freedom of the
set universe, and they often believed in the multiverse approach [32, 33]. An example of this is that V=L
implies GCH, as some would have thought, this ruled out the possibility of theorems and constructs that
could be derived from =-GCH. Even for a weaker version of GCH, the actual CH, when given a definite
answer to (by adopting certain axioms), would have great implications. In fact, Sierpinski demonstrated
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82 propositions that were implied from CH [34]. A more general CH allows for a deeper understanding
of cardinal arithmetic, set theory and model theory.

Though it has been shown that AD is incompatible with AC, weaker variants such as AC,, could still
be deduced from AD. Specifically, AD also implies DC in L(R) . A few direct results from AD is that
every set of the reals will be Lebesgue measurable, Baire and either has a perfect subset or being a
countable set itself [35]. An even stronger version of AD, the AD* implies every set of reals being
Ramsey, however in 2012 it has been shown by Shao that AD is already sufficient for proving this [36].
Furthermore, AD is incompatible with V=L. AD implies the non-existence of free ultrafilters on w and
the Hamel basis on R over Q as well [37]. There are also some counterintuitive results from the negation
of AC (implied by AD). Example of this includes the existence of vector spaces that does not have a
basis and the violation of the law of trichotomy for cardinal comparison (i.e., there exists two sets whose
cardinals are incomparable).

2.3.3. Recommendations and Broader Implications. There are currently 3 trends in mathematics about
the axiom of choice [38]. The first one is to use it without hesitation. The second one is to use AC only
when the proof needs it. The last one is to reject AC completely. Mathematicians who have different
philosophies choose their approaches differently. In particular, most mathematicians believe in the first
approach. There are also few advocators (like Quine) for the adoptions of stronger axioms like V=L or
GCH to obtain more useful and interesting results [39]. However, adopting strong axioms also greatly
limits the mathematical freedom inside the theory as they restrict certain mathematical constructs inside
them (as mentioned in 2.3.2). Researchers who believe in Occam’s razor often choose to go with the
second way. Specifically, the reverse mathematics program is one such example that seeks to determine
the minimal axioms necessary to prove specific mathematical theorems [40]. Nevertheless, the problem
with adopting weak variants of AC is that, while it might prevent certain unintuitive results or possible
inconsistencies, certain important, useful and convenient theorems and results (like Tychonoft’s theorem,
Zorn’s lemma, the statement “every vector space has a basis”) could not be derived. Meanwhile, the
constructivists, criticizing AC for its non-constructiveness, often decide to reject AC completely.
Theories like non-standard analysis, which makes extensive use of the axiom of choice, have once
received harsh criticism from constructivists (like Bishop) for this reason [41]. However, Herrlich
pointed out that, without the axiom of choice, certain important subbranches in mathematics, ranging
from cardinal arithmetic in set theory to algebra and topology, would have serious unfixable problems.
In fact, even in elementary analysis, there would have unpleasant results without AC, for example, R
may fail to be Lindeldf or sequential (i.e. there could exists certain subsets of R that are not closed but
are sequentially closed). There are also attempts to adopt the axiom of determinacy or other negation of
the axiom of choice. Though it gives nice results (like the fact that ZF+AD implies all subsets of R
being Lebesgue measurable), since it contradicts AC, numerous important theorems, as pointed out
before, would be impossible to be derived. Finally, there is an approach of adopting a completely
different new mathematical framework, like HoTT. However, the problem with this is that it would be
very possible to take a long time to migrate existing theorems and theories to the new framework.

3. Conclusion

Overall, this systematic review has revealed that the varying strength of the Axiom of Choice (AC)
exerts significant influence on the subbranches and foundational aspects of mathematics. When
considering weaker variants of AC, this study examined the potency of these variants and the
consequences they hold. Notably, it was determined that a weak form of AC can be sufficient for deriving
numerous basic and fundamental theorems in various mathematical subfields, such as topology, set
theory, mathematical logic, measure theory, algebra, and functional analysis. Nevertheless, to prove
more robust and pivotal theorems, like Tychonoff’s theorem or the proposition that “every vector space
has a basis”, the full strength of AC is necessary. This research also evaluated and contrasted the power
of specific robust variants of AC, unearthing valuable outcomes when these potent axioms are
implemented. Yet, adopting these strong axioms can considerably constrain the explorative capacity
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within the Zermelo-Fraenkel set theory with the Axiom of Choice (ZFC). For instance, it becomes
impossible for large cardinals equal to or exceeding measurable cardinals to exist. Some scholars also
contend that the axiom “V=L” curtails mathematical freedom, as it provides solutions to certain pivotal
quandaries, such as the Continuum Hypothesis (GCH). Choosing a stance on these problems inevitably
means renouncing the intriguing implications of the opposing perspective. The significance of this
review is underscored by its in-depth examination of how both strong and weak variants of AC influence
foundational mathematics and its various subbranches. While much of the existing research tends to
discuss AC in isolated theoretical contexts, this study addresses a noticeable gap by providing a
comprehensive review of the variants of this pivotal axiom within ZFC. Potential avenues for future
investigations might include delving deeper into stronger or weaker variants of AC or its negation,
reconfiguring the foundations of certain extant theories using weak AC variants, or seeking a potent
axiom that not only confirms AC but also offers additional valuable insights, similar to the ongoing
Ultimate-L program.
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