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Abstract. Quantum theory plays a significant part in the modern physics and makes modern 

technology rapidly developed. Quantum tunnel effect is one of the most important discoveries. 

The exact expression of potential barrier is tough to derive, even for the double barrier. Many 

researchers have analysed the applications of quantum tunnel effect in real electronic devices. 

However, the exact expression of double barrier’s transmission coefficient was discussed rarely. 

In this article, the exact expression of the transmission coefficient will be given and the effect of 

parameters of barrier such as the width and the height will be discussed. In addition, the 

difference between symmetric and asymmetric double barrier will be given. This paper has the 

discussion of the transmission coefficient in order to not only give a clear understanding of the 

effect of parameters of double barrier to tyro and researchers, but also give a simpler way to 

consider the periodic barrier. 

Keywords: Double potential barrier, Quantum tunnel effect, Transmission coefficient, Quantum 

mechanics. 

1.  Introduction 

Quantum mechanics, a fundamental theory in physics, has revolutionized people’s understanding of the 

microscopic world. In the past century, as the quantum mechanics theory improved by leaps and bounds, 

technology has also developed very rapidly, such as the development of the quantum computing and 

semiconductor devices. As for quantum computing, it utilizes the principles of quantum mechanics to 

perform calculations that are beyond the capabilities of classical computers [1]. On the other hand, 

quantum mechanics also gives an important support to semiconductor devices. For instance, Quantum 

Tunnel Effect, which is one of the most significant effects in the Quantum Mechanics theory, has 

provided a solid basis for the semiconductor devices. 

Resonant Tunnelling Diodes, one of the semiconductors which was based on the principle of the 

Quantum Tunnel Effect [2]. Resonant Tunnelling Diodes are closely related to the double potential 

barrier structure. Double barrier structure consists of two potential barrier and a quantum well. Many 

articles have analysed the one-dimensional potential structure and made a figure which describes the 

relation between transmission coefficient (TC) and the energy of the incident particle by calculating the 

TC of the single barrier. As for the double barrier, in these few years, some researchers have also 

analysed different facets of the quantum tunnel effect. Ke and Ding had used MATLAB to stimulate the 

one potential barrier’s TC [3]. Sacchetti had analysed how the nonlinearity affects the tunnel effect in 

the nonlinear Winter’s model [4]. Abdullaev et al had studied the influence of quantum fluctuations on 
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the microscopic quantum tunnelling in a double barrier [5]. Li have calculated the TC by using Numerov 

algorithm [6]. Many researchers had studied the applications of the double barrier or the expansion on 

this field. However, a few articles have given the exact expression of the TC of the symmetric double 

barrier.  

Therefore, this article will analyse this kind of structure and then calculate the exact expression of 

the TC of the double symmetric barrier structure. In addition, this paper has made the figure of the TC 

of one-dimensional asymmetric which is based on the relation between TC and the energy of the particle. 

Section 2 will concentrate on the deduction of the exact expression of the TC of the double barrier in 

order to obtain the effects of different parameters. Section 3 will focus on the applications of the double 

barrier. The last Section is devoted to the conclusion of this work. 

2.  One-dimensional Double Barrier 

2.1.  Symmetric double barrier 

To deduce the TC of the symmetric double barrier, the model of the symmetric double barrier was built 

as shown in Figure 1, where 𝑎 is the width of the barrier, 𝑏 is the distance between two barriers and 𝑉0 

is the height of the barrier. 

 

Figure 1. Sketch of the symmetric double barrier. 

There are five regions in Figure 1. Region 2 and 4 are assumed to be two same potential barriers, 

whose height is 𝑉0. The potential at region 3 is supposed to be zero which is the same as the potential of 

the region 1 and 5, since the system is the symmetric double barrier. The article supposes that the particle 

incidence occurs in Section 1 and the particle emission occurs in the Region 5. Besides, the energy of 

the particle always satisfies 𝐸 < 𝑉0 By using the Schrödinger equation in the five regions, the wave 

functions in these five sections are deduced as 

𝜓(𝑥) =

{
 
 

 
 
𝐴𝑒𝑖𝑘1𝑥  + 𝐵𝑒−𝑖𝑘1𝑥 , 𝑥 in 1

𝐶𝑒𝑘2𝑥  + 𝐷𝑒−𝑘2𝑥 , 𝑥 in 2

𝐹𝑒𝑖𝑘1𝑥  + 𝐺𝑒−𝑖𝑘1𝑥 , 𝑥 in 3

𝐻𝑒𝑘2𝑥  + 𝐼𝑒−𝑘2𝑥 , 𝑥 in 4

𝐽𝑒𝑖𝑘1𝑥, 𝑥 in 5

 . (1) 

The existed coefficients which describe the amplitudes of five functions are to be determined by 

combining the boundary conditions. Wave vectors 𝑘1 and 𝑘2 both satisfy the following equations 𝑘1
2 =
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2𝑚𝐸 ℏ2⁄   and 𝑘2
2 = 2𝑚(𝑉0 − 𝐸) ℏ

2⁄  ,where 𝑚  is the mass of the particle. In addition, the boundary 

conditions are 

{
 
 
 
 

 
 
 
 

𝐴𝑒−𝑖𝑘1𝑎 + 𝐵𝑒𝑖𝑘1𝑎 = 𝐶𝑒−𝑘2𝑎 +𝐷𝑒𝑘2𝑎

𝐶 + 𝐷 = 𝐹 + 𝐺
𝐹𝑒𝑖𝑘1𝑏 + 𝐺𝑒−𝑖𝑘1𝑏 = 𝐻𝑒𝑘2𝑏 + 𝐼𝑒−𝑘2𝑏

𝐻𝑒𝑘2(𝑎+𝑏) + 𝐼𝑒−𝑘2(𝑎+𝑏) = 𝐽𝑒𝑖𝑘1(𝑎+𝑏)

𝑖𝑘1𝐴𝑒
−𝑖𝑘1𝑎 − 𝑖𝑘1𝐵𝑒

𝑖𝑘1𝑎 = 𝑘2𝐶𝑒
−𝑘2𝑎 − 𝑘2𝐷𝑒

𝑘2𝑎

𝑘2𝐶 − 𝑘2𝐷 = 𝑖𝑘1𝐹 − 𝑖𝑘1𝐺

𝑖𝑘1𝐹𝑒
𝑖𝑘1𝑏 − 𝑖𝑘1𝐺𝑒

−𝑖𝑘1𝑏 = 𝑘2𝐻𝑒
𝑘2𝑏 − 𝑘2𝐼𝑒

−𝑘2𝑏

𝑘2𝐻𝑒
𝑘2(𝑎+𝑏) − 𝑘2𝐼𝑒

−𝑘2(𝑎+𝑏) = 𝑖𝑘1𝐽𝑒
𝑖𝑘1(𝑎+𝑏)

(2) 

To simplify the calculation, the article supposes that 𝐴 = 1. Thus, TC should be 

𝑇 = 𝐽 ⋅ 𝐽∗ =
𝐶3

2

𝐶1
2 + 𝐶2

2
. (3) 

The expression of 𝐶1, 𝐶2, and 𝐶3 satisfy the following equations 

 {

𝐶1 = 4𝛾2 cosh(2𝑎𝑘2) cos(𝑏𝑘1) − 2𝛼𝛾 sinh(2𝑎𝑘2) sin(𝑏𝑘1)

𝐶2 = 𝛼
2 cosh(2𝑎𝑘2) sin(𝑏𝑘1) − 2𝛼𝛾 sinh(2𝑎𝑘2) cos(𝑏𝑘1) − 𝛽

2 sin(𝑏𝑘1)

𝐶3 = 4𝛾2

(4) 

where 𝛼, 𝛽 , and 𝛾 satisfy the restrictions 

{

𝛼 = 𝑘1
2 − 𝑘2

2

𝛽 = 𝑘1
2 + 𝑘2

2

𝛾 = 𝑘1𝑘2

. (5) 

After deducing the exact expression of TC, the article will plot the relation between TC and the 

geometric parameters of the barrier and the energy of the incident particle. 

The first is the impact of the change of the width 𝑎(𝑛𝑚) of the barriers. Figure 2 is the relation 

between TC and the energy corresponding to different values of 𝑎. Besides, the distance and the height 

of the barriers are fixed as 𝑏 = 2𝑛𝑚, 𝑉0 = 1𝑒𝑉. By changing the width of the barriers, TC is changing 

rapidly as well. When the width of the barriers increases, the peak of TC is more obvious, especially 

when 𝑎 = 2𝑛𝑚 in Figure 2. 

 

Figure 2. The effect of 𝑎(𝑛𝑚) on the transmission coefficient 𝑇. 
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The second is the impact of the change of the distance 𝑏(𝑛𝑚) of the barrier. Figure 3 is the relation 

between TC and the energy corresponding to different values of 𝑏. The width and the height of the 

barriers are fixed as 𝑎 = 0.1𝑛𝑚, 𝑉0 = 1𝑒𝑉. Similarly, when the distance of the barriers increases, the 

peak of TC is more obvious. However, what is different with Figure 2 is that the peak of TC increases 

with the distance of the barriers rising.  

 

Figure 3. The effect of 𝑏(𝑛𝑚) on the transmission coefficient 𝑇. 

 

Figure 4. The effect of 𝑉0(𝑒𝑉) on the transmission coefficient 𝑇. 

The third is the impact of the change of the height 𝑉0(𝑒𝑉) of the barriers. Figure 4 is the relation 

between TC and the energy corresponding to different values of 𝑉0. The width and the distance of the 

barriers are 𝑎 = 0.1𝑛𝑚, 𝑏 = 2𝑛𝑚. Equally, when the height of the barriers increases, the peak of TC is 

more obvious as well. Besides, when 𝑉0 is big enough, like 𝑉0 = 20𝑒𝑉, the energy corresponding to the 

first four peaks is 𝐸1 = 0.00655𝑒𝑉,𝐸2 = 0.02625𝑒𝑉,𝐸3 = 0.05935𝑒𝑉,𝐸4 = 0.10605𝑒𝑉. The ratio 

of these four values almost satisfies 1:4:9:16, which means that there may exist the eigenenergy like the 

infinite potential well [7]. In addition, the condition of resonant tunneling can be obtained by solving 

𝑇 = 1.  
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2.2.  Asymmetric double barrier  

To plot the relation between TC of asymmetric double barrier and the energy of the particle, the article 

makes one of the models firstly, as shown in Figure 5, where 𝑉1  and 𝑉2  represent the height of the 

barriers. 

 

Figure 5. Sketch of the asymmetric double barrier. 

Similarly, in the condition: 𝐸 < 𝑉2 < 𝑉1 , the wave functions of these five regions are given by 

solving the Schrödinger equation in five regions 

𝜓(𝑥) =

{
 
 

 
 
𝐴′𝑒𝑖𝑘1𝑥  + 𝐵′𝑒−𝑖𝑘1𝑥 , 𝑥 𝑖𝑛 1

𝐶 ′𝑒𝑘2𝑥  + 𝐷′𝑒−𝑘2𝑥 , 𝑥 𝑖𝑛 2

𝐹′𝑒𝑖𝑘1𝑥  + 𝐺 ′𝑒−𝑖𝑘1𝑥 , 𝑥 𝑖𝑛 3

𝐻′𝑒𝑘3𝑥  + 𝐼′𝑒−𝑘3𝑥 , 𝑥 𝑖𝑛 4

𝐽′𝑒𝑖𝑘1𝑥, 𝑥 𝑖𝑛 5      

(6) 

These existed coefficients which are to be determined by using the boundary conditions as well. In 

addition, wave vectors 𝑘1 , 𝑘2, and 𝑘3  which are existed in the equation all satisfy the following 

equations:𝑘1
2 = 2𝑚𝐸/ℏ2, 𝑘2

2 = 2𝑚(𝑉1 − 𝐸)/ℏ
2 and 𝑘3

2 = 2𝑚(𝑉2 − 𝐸)/ℏ
2 

To find TC, the boundary condition in this model should be set. In fact, the boundary condition can 

be similarly confirmed as Eq (2): 

{
 
 
 
 

 
 
 
 𝐴′𝑒−𝑖𝑘1𝑎 +𝐵′𝑒𝑖𝑘1𝑎 = 𝐶′𝑒−𝑘2𝑎 + 𝐷′𝑒𝑘2𝑎

𝐶 ′ + 𝐷′ = 𝐹′ + 𝐺 ′

𝐹′𝑒𝑖𝑘1𝑏 + 𝐺 ′𝑒−𝑖𝑘1𝑏 = 𝐻′𝑒𝑘3𝑏 + 𝐼′𝑒−𝑘3𝑏

𝐻′𝑒𝑘3(𝑎+𝑏) + 𝐼′𝑒−𝑘3(𝑎+𝑏) = 𝐽′𝑒𝑖𝑘1(𝑎+𝑏)

𝑖𝑘1𝐴
′𝑒−𝑖𝑘1𝑎 − 𝑖𝑘1𝐵

′𝑒𝑖𝑘1𝑎 = 𝑘2𝐶
′𝑒−𝑘2𝑎 − 𝑘2𝐷

′𝑒𝑘2𝑎

𝑘2𝐶
′ − 𝑘2𝐷

′ = 𝑖𝑘1𝐹
′ − 𝑖𝑘1𝐺

′

𝑖𝑘1𝐹′𝑒𝑖𝑘1𝑏 − 𝑖𝑘1𝐺
′𝑒−𝑖𝑘1𝑏 = 𝑘3𝐻′𝑒𝑘3𝑏 − 𝑘3𝐼

′𝑒−𝑘3𝑏

𝑘3𝐻
′𝑒𝑘3(𝑎+𝑏) − 𝑘3𝐼

′𝑒−𝑘3(𝑎+𝑏) = 𝑖𝑘1𝐽
′𝑒𝑖𝑘1(𝑎+𝑏)

. (7) 

Here, the TC can be derived from Eq. (7). After obtaining TC, the effects of different parameters can 

be easily plotted. 

Figure 6 (𝑉1 = 1𝑒𝑉, 𝑉2 = 0.8𝑒𝑉, 𝑏 = 2𝑛𝑚) is the figure which describes the impact of the width 

𝑎(𝑛𝑚).  The general image is similar to the previous one which also describes the impact of the width 

in the symmetric double barrier. What is different from the former one is the peak of TC cannot equal 

to 1. Besides, when 𝐸 → 𝑉2, TC will decrease instead of being closed to 1.  
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In fact, Figure 7 (𝑉1 = 1𝑒𝑉, 𝑎 = 0.1 𝑛𝑚 , 𝑏 = 2𝑛𝑚) shows that when 𝑉2 increases, the peak of TC 

is similar to Fig.2. When the initial condition 𝐸 < 𝑉2 < 𝑉1 have changed into  𝐸 < 𝑉1 < 𝑉2, TC will be 

sometime greater than 1, the figure will be totally different from Figure 7. However, there also exists 

some similar peaks as the symmetric situation. When the energy equals to some certain values, TC will 

reach the peak. This situation will be more obvious as the width increasing, since, in Figure 6, the peaks 

are becoming separated as width rises.  

 

Figure 6. The effect of 𝑎(𝑛𝑚) on the transmission coefficient 𝑇. 

 

Figure 7. The effect of 𝑉2(𝑒𝑉) on the transmission coefficient 𝑇. 

3.  Application 

After discussing one-dimensional double barrier including symmetric and asymmetric double barrier, 

the article has extended the discussion to the one-dimensional periodic barrier. Similarly, when 

considering periodic barrier, one of the situations is repeating symmetric double barrier in one-

dimension. Another situation is repeating asymmetric double barrier. In fact, the first situation has 

already discussed by many researchers by using transition matrix [8]. In fact, the kernel of transition 

matrix equals to the method of solving the Schrödinger equation. The computation of transition matrix 
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is more compatible with the computing method of computers. It is a convenient way to get TC by using 

the computer.  

In addition, the relation between TC and the energy is similar to Figure 2 [9]. However, the difference 

between them is the values corresponding to the peaks are more than the symmetric double barrier. 

Besides, when the energy is the value which between two multi-peaks, TC will be zero, which means if 

the energy of the particle is certain energy between the peaks, the particle will be reflected and found 

only in region 1 in Fig.1. On the contrary, when the energy of the particle is the value of multi-peaks, 

the particle will be transmitted and found in region 5 in Figure 1. Based on this property, band structure 

theory was built which can describe the principle of the semiconductor. Band structure theory is also a 

significant theory in Solid States Physics and can help researchers comprehend some molecules deeply 

like beta-Ga2O3 [10]. 

4.  Conclusion 

In conclusion, the TC of double barrier including symmetric and asymmetric barrier has the similarity 

to the eigenenergy of the potential barrier. When the energy equals to certain energy, the TC will reach 

the peak. Based on this property, many devices can be built. In addition, some parameters can affect the 

TC of symmetric double barrier, such as the barrier width, height and the distance. These parameters all 

have similar effects on TC. When the parameters rise, the peaks of TC will be more obvious and 

separated. On the other hand, the condition of resonant tunnelling is also given in the article. As for the 

asymmetric double barrier, when the height of the barrier becomes to the same, the TC will be equal to 

the symmetric situation, which proves the accuracy of the exact expression of TC. Besides, TC of the 

asymmetric double barrier is similar to TC of symmetric double barrier. Based on these properties, the 

main contribution of this article will help the tyro and researchers apprehend and analyse the relevant 

devices. The method used in this paper still has the difficulties of complicated calculation and a simpler 

method should be found for future research such as transition matrix. 
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