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Abstract. The harmonic oscillator represents as a unique tool in modern physics since it is not 

only exactly solvable but also relates many phenomena. This paper introduces the relation 

between Quantum Field Theory and other physical theories and discusses how harmonic 

oscillator behave in Quantum Mechanics and Quantum Field Theory by the quantization of 

Klein-Gordon Field. To this end, this paper applies energy-momentum equation given by special 

relativity to Schrödinger’s Equation to get the Klein-Gordon Field, and then uses canonical 

method to quantize the field, which is called the second quantization of the field. The comparison 

is made between the result quantized field, the quantum harmonic oscillator and classical 

harmonic oscillator. The similarity of two physical systems is demonstrate by the comparison 

between commutation relations of operators. The similar commutation relations then help people 

to interpret quantized Klein-Gordon Field as a system that contain a quantized harmonic 

oscillator in each space coordinate. 

Keywords: Klein-Gordon Field, Quantum Field Theory, Quantum Harmonic Oscillator, Ladder 

Operator. 

1.  Introduction 

The harmonic oscillator is a system that is ubiquitous in physics. It approximately describes the systems 

from the classical pendulum to the molecular vibration. The study of the harmonic oscillator is important 

because any system in a stable equilibrium state can be approximated as a harmonic oscillator around 

that equilibrium point. Since classical harmonic oscillator treat the energy level as continuous, it does 

not work in quantum mechanics. Therefore, quantum harmonic oscillator (QHO) is a crucial step to 

understand the quantum world.  

Classic quantum mechanics is not unified with the special relativity since Schrödinger Equation is 

not consist under Lorentz transformation. Klein-Gordon Field (KGF) equation is one of the first 

approach to unify quantum mechanics and special relativity. It is introduced to describe the relativistic 

spinless particle [1]. Nowadays, researchers focus on the quantization of generalized KGF for further 

study in curved space-time [2,3], and also focus on the solution of KGF with different boundary 

condition [4,5]. The numerical solution of KGF is also given by several researchers using different 

method [6,7]. A significant issue that occurs when scientists want to describe the particle more precise 

with the Klein-Gordon Equation is that it lacks positive definiteness [8]. Negative probability density 

could be derived from the KGF [9]. Therefore, further study of the KGF is needed. Quantum Field 

Theory (QFT) presents a novel framework for investigating the quantum realm. Quantized KGF, which 

is one of the main parts of QFT, resolve the problems given by KGF.  
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This paper will first discuss the quantization of classical harmonic oscillator and then briefly 

introduce the QFT. Finally, the author will introduce KGF and then discuss the quantization of KGF and 

present how the quantized harmonic oscillator makes a crucial part in the Quantized KGF. 

2.  Classical Harmonic Oscillator 

Classical harmonic oscillator (CHO) describes the motion of a particle near the equilibrium point only 

lying in a potential field. The potential field can thus be approximate as a quadratic function of the 

position of the particle 𝑉(𝑥) ≈
1

2
𝑚ω2𝑥2. Since all external force is considered in the potential field, the 

Lagrangian of the system can be represent as kinetic energy minus potential energy 

L = T − V =
1

2
m𝑥 2̇ −

1

2
mω2𝑥2. (1) 

Lagrangian of the system is a functional of the generalized coordinate 𝑥 and their corresponding 

generalized velocity 𝑥̇. According to the least action principle, the motion of the harmonic oscillator 

system is the one that minimize the action of the system, which is the integral of the Lagrangian over 

time: 𝑆 = ∫ 𝐿 ⅆ𝑡. This process gives the Euler-Lagrange equation 
𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑥̇
) −

𝜕𝐿

𝜕𝑥
= 0 , which minimize 

the action. Then the motion equation of the system is 

𝑥̈ + ω2x = 0. (2) 

The solution of Eq. (2) is 

x(𝑡) = A cos(ωt + ϕ). (3) 

The value of A and ϕ are determined by the initial condition of the system, and the value of ω is 

determined by system itself. The motion of the system is an oscillation with frequency ω. 

 Since all force are derived from potential, Hamiltonian of the system is equivalent to the total energy 

of the system. 

H =
𝑝2

2𝑚
+
1

2
mω2𝑥2 (4) 

where 𝑝 =  𝑚𝑣 is the momentum of the particle. Thus, the motion equation can also be derived from 

the Hamiltonian 

𝑥̇ = 𝐻𝑝 =
𝑝

𝑚
,      𝑝̇ = −𝐻𝑥 = −mω2x. (5) 

3.  Quantization of Harmonic Oscillator 

CHO is a good approximation of motion near the equilibrium point. But in the situation that the quantum 

effect is significant, for example, the lattice vibration at low energies and velocities, CHO is not good. 

The wave-particle duality of the matter in system makes the position and momentum of it uncertain. 

Therefore, the matter in harmonic system can no longer be treated as particles with certain positions and 

momentums, it is more accurate to describe as waves. Quantum justification is then needed.  

In quantum mechanics, the position and momentum are promoted to operators, which is a functional 

of the system states. It is found that 

x → 𝑥 = xp → 𝑝̂ = −iℏ
∂

∂𝑥
. (6) 

The Hamiltonian operator of harmonic oscillator system is then 

𝐻̂ =
𝑝̂2

2𝑚
+
1

2
mω2𝑥̂2. (7) 

Apply this operator directly to a state which has stable energy state will not change the state. The 

Schrödinger equation then gives the time evolution of the system state 

iℏψ𝑡 = (
𝑝̂2

2𝑚
+
1

2
𝑚ω2𝑥̂2) ψ. (8) 
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Using ladder operator method, one can solve the Schrödinger equation easily. The ladder operator is 

defined as 𝑎̂ = √
𝑚ω

2ℏ
(𝑥 +

𝑖

𝑚ω
𝑝̂). The summation, subtraction and multiplication of the ladder operator 

with its conjugate give the separation of position, momentum and Hamiltonian operator 

𝑥 = √
ℏ

2𝑚ω
(𝑎̂ + 𝑎̂𝑇)       𝑝̂ = −i√

𝑚ωℏ

2
(𝑎̂ − 𝑎̂𝑇)        𝐻̂ = ℏω (𝑎𝑇 𝑎̂̂ +

1

2
) (9) 

The commutation relations of those operators are shown in table 1. 

Table 1. Commutation relation of operators. 

Relation Value Relation Value 

[𝑥, 𝑝̂] 𝑖ℏ [𝐻̂, 𝑎̂] −ℏω 

[𝑎̂, 𝑎̂𝑇] 1 [𝐻̂, 𝑎̂𝑇] ℏω 

4.  Quantum Field Theory 

When scientists walk into the region of high energy physics and high-speed physics, a theory that 

combine both relativity and quantum physics is needed. QFT, which grew out in the late 1920s, is the 

theory that unify quantum mechanics and special relativity [10]. In contract with other physical theories, 

there are no canonical definition for QFT. One of the best ways to understand the QFT is comparing it 

with other physical theories. In aspect of degree of freedom, QFT is an extension of quantum mechanics. 

QFT describes the system with infinite degree of freedom. In aspect of space-time, QFT is a theory that 

unify quantum mechanics with special relativity. Figure 1 shows the relation between classical 

mechanics, quantum mechanics, relativistic field theory and quantum field theory. 

 

Figure 1. Relations between six major theories in modern physics. 

5.  Klein-Gordon Field 

5.1.  First Quantization of KGF 

The KGF gives an approach to unify quantum mechanics and special relativity. It is obtained by apply 

energy-momentum relation 𝐸2 = 𝑝2𝑐2 + 𝑚2𝑐4 to the Schrödinger equation. Promoting it to operator 

which analogous with quantization of harmonic oscillator and pluging into Schrödinger’s equation, it is 

found that 

𝐸̂2 = −ℏ
2𝑐2∇2 + 𝑚2𝑐4 (10) 

(𝑖ℏ ∂𝑡)2ψ = 𝐸̂2ψ = (−ℏ
2𝑐2∇2 + 𝑚2𝑐4) (11) 

To follow the convention, changing equation into the natural unit, where ℏ =  𝑐 =  1, the field 

equation then becomes 
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(∂𝑡
2 − ∇2 + 𝑚2)ϕ = 0. (12) 

The ϕ here is a scalar field over space-time. i.e., it can be written as ϕ(𝑡, 𝑥). This is so called KGF 

Equation. It can represent the probability density to find the particle at point (𝑡, 𝑥) in space-time. i.e., 

ⅆ𝑃 = |ϕ(𝑡, 𝑥)|2 ⅆ3𝑥 ⅆ𝑡 by the postulate of quantum mechanics. The equation can be simplified after 

Fourier transformation. 

The Fourier transform of the KGF equation is 

ϕ(𝑡, 𝑥) = ∫
d
3𝑘dω

(2π)3/2
𝑒𝑖𝑘⋅𝑥𝑒−𝑖ωt ϕ̃(ω, 𝑘) (13) 

The result after apply Fourier transformation into Eq. (12) is then 

(−ω2 − ∇2 + 𝑚2)ϕ̃(ω, 𝑘) = 0. (14) 

Since consider a vanish solution is useless, the first term in the equation must be zero. i.e., ω2 =
−∇2 + 𝑚2 ≔ 𝜔𝑘

2  is a function of momentum. The previous equation then becomes 

(∂𝑡
2 + ω𝑘

2 )ϕ = 0. (15) 

It became a simple harmonic oscillator equation with frequency ω𝑘. Eq3. (13) and (15) give the first 

quantization of KGF. At this stage, the field describes the state of a quantized particle. But it is not a 

quantum field yet. The field itself is still continuous. Since ϕ only non-vanishing at ω𝑘
2 = −∇2 + 𝑚2, it 

is convenient to introduce a delta function 

ϕ̃(ω𝑘 , 𝑘) = δ(ω2 − ω𝑘
2 )a(ω𝑘, 𝑘). (16) 

The delta function has the property δ(ω2 − ω𝑘
2 ) = (δ(ω − ω𝑘) + δ(ω + ω𝑘))/(2ω𝑘) , which is 

directly get from the definition of the delta function. Plug it into the Fourier transformation of the field 

equation and use the fact that KGF is a real-valued field, one can show that 

ϕ(𝑡, 𝑥) = ∫
d
3𝑘

(2π)3/2

1

2ω𝑘
(𝑒−𝑖ω𝑘𝑡+𝑖𝑘⋅𝑥𝑎(ω𝑘, 𝑘) + 𝑒𝑖ω𝑘𝑡−𝑖𝑘⋅𝑥𝑎𝑇(ω𝑘, 𝑘)) , (17) 

where a(ω𝑘, 𝑘) and 𝑎𝑇(ω𝑘, 𝑘) are then named as annihilation and creation operator of the field. 

The solution of KGF can be interpreted as a continuous limit of lattice model. Consider a grid with 

separation a, and there is oscillator located in each grid point. This oscillator can be interpreted as a mass 

coupled with its nearest neighbour with spring and the equilibrium of the mass is at the centre of the 

grid. ϕ
𝑎

(𝑡, 𝑥) for x in grid point is then the displacement of the mass from the equilibrium points at time 

t, which is also the state of oscillator at x. The KGF has the same form as lim
𝑎→0

ϕ
𝑎

(𝑡, 𝑥). 

5.2.  Second Quantization of KGF 

Problems occur in this quantization of KGF. There is a confliction between localization and the positive 

definite of the energy of the field [9]. The second quantization of KGF is then introduced to solve those 

problems. The result of this quantization is same as quantize the oscillator in the lattice model in 

continuous limit, i.e., 𝑎 → 0. This paper quantizes the KGF in canonical way.  

To begin with, the Lagrangian L of the KGF is given by coordinate integral of the Lagrangian density 

over space, L = ∫ ⅆ3 xℒ, where lagrangian density ℒ(𝑥) in the field is the subtraction of kinetic energy 

and potential energy at position x. i.e., 

ℒ =
1

2
(∂μϕ ∂μϕ − 𝑚2ϕ

2). (18) 

The conjugate momentum of the field is then the partial derivative of the Lagrangian density with 

respect to time derivative of the coordinate function ϕ is π =
∂ℒ

∂ϕ̇
= ϕ̇. The coordinate wave function ϕ 

and the conjugate momentum π  are then promoted to operators ϕ̂  and π̂ . ϕ̂(𝑡, 𝑥)  and π̂(𝑡, 𝑥)  then 

represent the coordinate and momentum observable of the quantum field at time t  and position x 

respectively. While those operators are applied, the whole field will collapse into a state that the 

coordinate or momentum of the field is certain depending on which operator is applied. Thus, it is crucial 

to understand how the canonical operators ϕ̂ and π̂ impact the field and how the effect of any other 

interested operators differ from them, which can be derived from the commutation relation between 
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those operators and canonical operator. Therefore, to understand how the second quantization of KGF 

describes the physical world, it is necessary to examine the commutation relations of the canonical 

operators first. From Eqs. (17) and (18), the commutation relations in Table 2 can be derived [9]. 

Table 2. Commutation Relations of Some Operators in KGF. 

[ϕ̂(t, x), π̂(t, y)] [ϕ̂, ϕ̂] [π̂, π̂] [â(k), â𝑇(𝑘′)] [a(k), a(k
′)] [aT(k), aT(k

′)] 

iδ(x − y) 0 0 δ
3(k − k

′) 0 0 

The energy eigenstate can be derived from Hamiltonian operator H. The Hamiltonian of a field is the 

special integral of the Hamiltonian density H = ∫ ℋ ⅆx3, where the harmiltonian density could derived 

from the lagrangian density of the field, ℋ = πϕ̇ − ℒ. This gives 

ℋ =
1

2
π2 +

1

2
(∇ϕ)2 +

1

2
𝑚2ϕ

2 (19) 

The integration of Hamiltonian density over the space gives a concise result when it is expressed by 

ladder operators 

H =
1

2
∫ d

3𝑘ω𝑘(𝑎(𝑘)𝑎𝑇(𝑘) + 𝑎𝑇(𝑘)𝑎(𝑘)) (20)  

The commutation relation between Hamiltonian and ladder operators is thus obtained. Namely, they 

are [𝐻̂, â(k)] = −ω𝑘𝑎̂ and [𝐻̂, âT(k)] = ω𝑘𝑎̂𝑇. These relations infer that applying 𝑎̂(𝑘) to the field will 

decrease the energy with 𝜔𝑘  for any activated state. By contrast, applying 𝑎̂𝑇(𝑘) will increase the 

energy with 𝜔𝑘. Therefore, like the ladder operator in QHO, 𝑎̂𝑇(𝑘) excite the field with a particle that 

have momentum k and 𝑎̂(𝑘) annihilate the particle with momentum 𝑘.  

6.  Conclusion 

An unsolvable conflict occurs after applying energy-momentum relation to the Schrödinger equation 

gives the KGF. To solve this conflict, this paper uses canonical quantization method. This method 

interprets the field as a grid that the gap of grid is infinitesimal. Each grid contains a mass that oscillate 

around its equilibrium. The value of field at each position is interpreted as the distance of the mass from 

its equilibrium. While the KGF is used to solve quantum problems, which is the purpose physicists 

introduce it, the oscillator in each position should be quantized. This interpretation of the KGF gives a 

similarity between quantized KGF and QHO. The coordinate operator ϕ̂(𝑡, 𝑥)  is analogous to the 

position operator 𝑥; the conjugate momentum operator π̂(𝑡, 𝑥) is analogous to the momentum operator 

𝑝̂ and the annihilation and creation operator 𝑎(𝑘) and 𝑎𝑇(𝑘) are analogous to the ladder operator 𝑎̂ and 

𝑎̂𝑇 . The behavior of field operators is same as the classic quantum operator when constrict those 

operators to a certain position and momentum, and always commutate with each other in different 

position or momentum. This decoupling of the position supports the interpretation of the KGF. 
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